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1. INTRODUCTION

Fixed point theorems concern maps f of a set X into itself that, under certain conditions, admit a fixed point, that is ,a point x € X
such that f(x) = x. The knowledge of the existence of fixed points has relevant applications in many branches of analysis and
topology. By a contraction on a metric space (X, d), we understand a mapping 7': X — X satisfying for all x, y € X: d(Tx, Ty) < kd(x,
»), where k is areal in [0,1).

Branciari [4] introduced a class of generalized (rectangular) metric spaces by replacing the triangular inequality of
metric spaces with a similar one which involves four or more points instead of three points. The author also improved Banach
Contraction Principle in such spaces. Recently many authors Cho, S.H.[6], Chaira K, et.al. [S] proved the existence and
uniqueness of a fixed point for different types of mappings.

Azam A [2], introduced the concept of cone rectangular metric space by replacing the triangular inequality in the
definition of cone metric space with a rectangular inequality and proved the Banach contraction principle on these spaces.

2.PRELIMINARIES

Definition 2.1. [2] Let X be a non-empty set. The mapping dz: X X X said to be cone rectangle metric space if it satisfies:
(Ha< d(x,y), forallx,y € X withx # yandd(x,y) = aiffx = y;

2)d(x,y) = d(y,x), forallx,y € X;

(3) dp(x,y) < dg(x,w) +dpg(w,2) + dg(2,y);

for all x,y € X and for all distinct points u, v € X — {x, y}.

Definition 2.2. [10] Let P be a subset of a real Banach space E and « is the zero vector of E. P is said to be a cone in E if it
satisfies the following properties:

(i) P is non-empty, closed and P # «

(i) x,y € P impliesa x + by € P, where a and b are positive real numbers;

(iii) The intersection of P and —P is {a}

Definition 2.3. [10] A cone P is said to be a solid cone if an interior of P is a non-empty subset of E.
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Definition 2.4. [10] A partial order relation < with respect to a solid cone P € E is definedas x < yify — x € P,forx,y €
E.
Definition 2.5. [10] A cone P is called a normal cone if there is a number k > 1 such that forall x, y € X, a < x < y implies
that |[x]| < k]|y]|

Definition 2.6. [2] Let(X,dg) be a cone rectangular metric space and P be a solid cone in £: Then the sequence {x,} is said to
converge to X if dg(x,,x)= 0 as n—

Definition 2.7 [2] Let (X,dg) be a cone rectangular metric space and P be a solid cone in £: Then the sequence {x,,} is said to
be Cauchy if for all p > 0 we have dg(xp, Xp4p)— 0 as n—> o

Throughout this paper, P is not necessarily a normal cone in E; the relation x <y. stands for y ,x belongs to an interior of P and R
denotes the set of all Real numbers.

3. MAIN RESULT

Theorem 3.1: Let (X,dy) be a cone rectangular metric space. If the mappings P and Q : X—X satisfying the condition:
dg(Px, Py) = aydp(Qx, Qy) + apdg(Px, Qx) + azds(Py, 0x) + a,dg(Py, Qy) (3.1.1)

for all x, y€ X,where a;, @,, a3, a, € R suchthat a; = 2 and 0 < a,, a3, a4 < %

If Q(X)EP(X) and either of Q(X) or P(X) is a complete subspace of X, then Q and P have a unique coincidence point in X.
Further, if Q and P are weakly compatible self -maps then they have a unique common fixed point in X.
Proof: let x4 be an arbitrary point of X. Since Q(X) € P(X) and let x; € X be such that Qx, = Px;. Continuing this process,
we can construct a sequence {f3,}in X such that 8,, = Px, = Qx,,_,, foralln > 1.
If ,_1 = Bp,forsomen = 1 then §,_1 = Px,,_1 = Qx4
That is P and Q have a coincidence point x,,_;in X Assume B,_; # B, foralln > 1. Then from (3.1.1)
dg(Bn-1,Pn) = dg(Pxp_1, Pxy) = a1dp(Qxn_1, Q%y) + @2dp(Pxy_1, Qxn_1) + a3dp (PXy, QX 1) + a4dg(Pxy, Qxy)
= a1dg(Bn Prs1) + a2dp (Bn1, Bn) + asde(Bp, Br) + asdp (B, Bri1)
2 (ay + ag)deg (B Brt1) + a2de(Bu-1, Bn)
Which implies that
(1 - az)de(Bu-1,Bn) = (a1 + a4)de (B, Bn+1)
iLe. (a1 +ay)dp(Bn Pur1) < (1 — az)dp(Bu-1, Br)
Or,  de(Bu Busr) < o de(Bu-1, Bn)
Hence,

Ag (B Brs1) < adg(Br_1, Bn),Vn =1
Where, a=—2 < lasay +a, +a,>1

a1+ay

By induction foralln > 0

dg (B, Pn+1) < a™dg(Bo, B1) (3.1.2)
Where 0 < a <1
Using (3.1.1) and (3.1.2) and the facts that,

a122,0,<10<a3<1and0<a, <1
Thatis ay +a, +az+a,>1and 0<a <1,
We have,

dg(Bn-1,Pn+1) = dg(Pxp_q1, Pxpy1)

= a;dg(Qxn-1, QXp41) + A2dp(Pxn_1, Qxp_1) + a3dp(PXny1, QXp1) + @4dg(Pxny1, QXpyy)
2 a1dp (B, Prsz) + a2dp(Bno1, Br) + a3de(Bni1, Br) + @4dp (Bni1, Prsz)

a+ay

Therefore,
a1dg (B Brs2) < dp(Bn1, Pri1) — @2dp(Bu—1, Bn) — @3dp(Bni1, Pr) — @adp(Brs1) Bri2)
< [dg(Bn-1, Bn) + dg (B, Brs2) + dg(Brszs Pri1)] — a2dp(Br_1, Br)
—a3dg(Bni1, Pn) — @4dg(Bus1, Brsz)
< dE(.Bn' .8n+2) + (1 - az)dE(.Bn—l' ,Bn) - a3dE(ﬁn+1' .Bn)
+(1 — ay)dg(Brs1, Brs2)
Or,

a1dg (B, Pr+2) — dg (B, Prs2) < (1 — az)dg(Br—1, Bn) — a3dg(Brs1, Br) + (1 — @s)dp (Brs1, Prs2)
(a1 = 1) dg (B, Brsz) < (1 — a2)dg(Bn—1, Bn) — a3dg(Bpi1, Br) + (1 — ag)de(Brs1, Brsz)
Or,

di (Bns Br+2)
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< (572) deBaos B) = (572) de B B) + (572) de(Brsr, Brs2)

aq

< (552) deBur o) = (327) de B Bust) + (522) di (Brsr, Bus2)

a;—1

< (5%) e Ids(ﬁo'ﬁl)—(%) @y (Bo,B1) + (524) ™ lp (6o, )
<(CE-eghratin) e (b

a;—1 a1—1

(ﬂ_ G gt “4)aan Ydg (Bo, B1)

a;—1 a;—1 ag

(M) aa™ rdg(Bo, B1)

a1—1

(:fl) a™dg(Bo, B1)

1

IA

IA

IA

Hence,

dg (B, Priz) < 2a™dg(Bo, B1) (3.1.3)
For {B,,}we consider dg(B,,, Bn+1) in two cases
If L is odd say 2p+1, for p= 1 then by using rectangular inequality and (3.1.2)

di(Brs Brrzp+1) < de(Brazp+1s Busap) + de(Brszps Bnszp—1) + de(Brizp-1,Bn)

< dE(ﬁn+2p'ﬁn+2p+1) + dE(.Bn+2p—1' Bn+2p) + dE(,Bn+2p—1'.Bn+2p—2)
+dE(ﬁn+2p—2'Bn+2p—3) + -+ dg(Bns2, Pn+1) + de(Brs1, Bn)

= dE(ﬁn' Bn+1) + dE(ﬁn+1rﬁn+2) + -t dE(:Bn+2p—1uBn+2p) + dE(ﬁn+2puBn+2p+1)
< adg(Bo, Br) + @™ 1dp(Bo, By) + - + @™ (Bo, By) + @ P dp (B, B1)
<[1+a++a?+a+-]a™dg(Bo, p1)
< —[a"ds(Bo, )]
< = dg (B, Br)

<1+ =] ande(Bo. )

Hence,

de (B Brraps) < |2+ | @"de (B B2) (3.1.4)

Foralln>1p>1/1—1+ai>0
ay

If I is even say 2p for p = 1, then by using rectangular inequality(3.1.2), (3.1.3) and the fact that 0<1<1,weget
dE(ﬁ%'ﬁn+2p)
< dE(ﬁn+2pu8n+2p—1) +dg (.Bn+2p—1'Bn+2p—2) + dE(,Bn+2p—2:.8n)
< dE(ﬂn+2p—1'ﬁn+2p) + dE(ﬁn+2p—2:ﬁn+2p—1) + - +dp(Brszs Bn2) + dg(Brias Br)
= dg(Bn Bns2) + de(Busz) Buvs) + Adp(Bniz, Brva) + -+ dp(Brizm—2 Prizm—1)
+dE(ﬁn+2m—1' ﬂn+2m)
< Aa"dg(Bo, B1)
Ha™*2dg(Bo, B1) + a™3dp(Bo, B1) + -+ a2 2dp(By, Br) + @™ d g (B, B1)]
= Aa"dg(Bo, B1) + [@® + a® + -+ a®™ Hadg (o, B1)
< Aatdg(Bo, B1) + [1+a+a? +a® + - Ja™dg(Bo, B1)

< Aadg (Bo, 1) + — [a"d(Bo, B1)]
< Aa™dg (B, B1) + [dE(,BO'.Bl)]

Hence,
1

de (B Brszn) < |2+ =] @ds(Bo, 1) (3.1.5)
Foralln>1,m>1and

I+

>0

a1 -1

From (3.1.4) and (3.1.5)

A5 o ) < 2
Foralln>1,p>1and A =

adg(Bo, B1)

1+aq

=0

a;—1
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Assume that 6 «< k. Since,

a"dg(Bo,f1) > 0asn >
{B,} is a Cauchy sequence in X. since Q(X) is a complete subspace of X, then there exists a point z € Q(X) S P(X) such that
lim B, =rlll_r)r010 Px, =111_r)r010 Qxp_1 =2z

n—-oo

Also we can find x € X such that z=PX.

Let 6 < [ be given, we can choose natural numbers N;and N, such that dg(z, £,_1) <

Foralln > N, and dE(ﬁn_Lﬁn) < é
For all n > N,. Let N=max {N;, N,}, from (3.1.1)

dE (ﬁn—

1,Z) = dE(P.xn_l'Px)

1l
2(A1+1)

> aldE(an_l,Qx) + aZdE(Pxn_Lan_l) + a3dE(Px‘an_1) + a4dE(Px,Qx)
2 aldE(.Bn,Qx) + aZdE(.Bn—l,Bn,) + a3dE(Z' .Bn) + a,dg(z,Qx)

= a1d5(ﬁn,Qx)

Hence dg(B,,Q0x) < aildE(ﬁn—lﬂz)

Using rectangular inequality

1
dE (Z, QX) < dE (Z' ﬁn—l) + dE (ﬁn—l,ﬁn,) + 0!_1 dE (.Bn—lt Z)

Hence,

1
dE(Z,Qx) 1 E‘l‘_ = l

< [1 + ail] dg(Bn_1,2) + d}s(ﬁn—l.ﬁn.)

2
ie.
dp(z,Qx) =1
Therefore
Px=Qx =z
That is, z is a point of coincidence of P and Q. if z* is another point of coincidence of P and Q then
Py=Qv=2z

For some y € X then dg(z,z") = dg(Px, Py)
dp(z,2") =2 a1dp(Qx, Qy) + a,dg(Px, Qx) + azdg(Py, Qx) + a,dg(Py, Qy)

Hence dg(z,z") <

> a,dg(z,2") + aydg(z,2) + azdg(z*,z) + a,dg (2%, z%)

= (a1 + a3)dg(z,z")
! dE(ZlZ*)

(a1+az)

Since, a; + a3z > 1
Therefore, we have dg(z,z*) =0 ie. z=2z"

P and Q have a unique point of coincidence in X.

Suppose P and Q are weakly compatible mappings, then we have

Pz = PQx = QPx = Qz
Therefore, Pz = Qz = w(say)

This shows that w is another point of coincidence between P and Q.

Therefore, by the uniqueness of the point of coincidence we must have z = w

Hence z is a unique common fixed point of P and Q in X.
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