1SSN : 2320.7167

IJMCR

International Journal Of
Mathematics & Computer Research

International Journal of Mathematics and Computer Research
ISSN: 2320-7167

Volume 13 I ssue 05 M ay 2025, Page no. -5175-5177 T+

aa
Index Copernicus ICV: 57.55, Impact Factor: 8.316 -
DOI: 10.4719V/ijmcr/v13i5.06 vear

VOLUME- 13

%

On Isomorphism Classes of Right Loops

Sushmita Kushwaha! , A. C. YadaV’
12Department of Mathematics
Faculty of Science and Technology
Mahatma Gandhi Kashi Vidyapith
Varanasi,221002, INDIA

ARTICLE INFO

Published Online:

13 May 2025
Corresponding Author:
Sushmita Kushwaha

KEYWORDS: Right loops, Group Torsion, Isomorphic classes, Deformation of operation.

ABSTRACT

In this article, we find formula for non-isomorphic right loops of

order n by operation - will be termed as the deformation of - through the map
g: S — Sym(S) with g(e) = I.

l. INTRODUCTION

In 1937, Quasigroup was introduced by D. Hilbert and
theory extended in 1940's by R. Moufang and other
algebraists prompt that a set with a binary operation division
is always possible. In 1950's, Quasigroup studied by R. H.
Bruck and L. J. Paige. In time duration 1960 to 1970,
connections established between right loops and other
algebraic structures. M. Kinyon research on the structure of
finite right loops. Petr. vojtechovsky research on
computational study of right loops.

Let H be a subgroup of a finite group G. Let S be a right
transversal to a subgroup H in G which is obtained by
selecting one and only one element from each right coset Hy
in G including identity element e € H. Then operation
induces a binary operation - on S given by {a° b} =S N Hap
so that (S, ) is a right loop. Indeed, R. Lal observed that it
determines a new algebraic structure (S, H, o, f) termed as c-
groupoid and conversely each c- groupoid (S, H, o, f)
determines a group G = H x S which contains H as a
subgroup and S as a right transversal to H in G [ [9],
Theorem 2.2]. The group operation on G = H x Sis given by

@ x)(b,y)=(@ox(b)f(x0b,y),x0b-y).

He also proved that each right loop (S, °) determines a group
G*=Sym(SHe}) S

which contains S as a right transversal to its subgroup
Sym(S/{e}), where Sym(S/{e}) = {h €Sym(S): h(e) = e}
[[9], Theorem 3.4]. This establishes a connection between
groups and right loops.

Some special types of right loops which are called as
gyrogroup play a crucial role in physics and geometry [10],
[3]. There are several article [12] and [13] in which number

of isomorphism classes of transversals are discussed but we
give the total number of isomorphism class by the operation
og will be termed as the deformation of ° through the map g:
S — Sym(S/{e}) with g(e) = I. The study of right loops and
quasigroups continuous to evolve with researchers exploring
new connections to other algebraic structures and potential
applications recent advancements in computational
techniques have enabled more comprehensive investigations
into the properties and classification of finite right loops. As
the field progresses, there is growing interest in
understanding the role of right loops and quasigroups in
abstract algebra, geometry theoretical computer science and
cryptography. As research in this field continuous to
progress, new applications and connections to other areas of
mathematics and computer science are likely to emerge,
further expanding the importance of right loops and
quasigroups in theoretical and applied mathematics. This
motivates us to find non-isomorphic right loops of given
order.

In this article, In second section we gave basic terminology
of right loops and operation 4. In third section we gave
isomorphic property of right loops and in fourth section we
gave the total number of non-isomorphic class of right
loops of finite order.

Il. PRELIMINARIES
In this section, we given basic concept related to right loops
and their properties.
Let G be a group, H a subgroup of the group G and S a right
transversal of H in G containing identity of G. Let x, y € S
andh e H. Thenxy, xh e G =HSand so
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xy=f(xy)(x-cy)

and
x.h = ox(h).x6h

for unique f(x, y), ox(h) € H and x ° y, x6h € S. Since xe = X
= ex, (xy)h = x(yh), (xy)z = x(yz), e.h = h.e = h and x(h;hz) =
(xh1)hz Indeed, it determines a new structure known as ¢ —
groupoid [8]. It is observed that for a given c—groupoid (S,
H, o, f) there is a group G containing H as a subgroup and S
as a right transversal of H in G such that the corresponding ¢
— groupoid is (S, H, o, ) [ [8], Theorem2.2].
The group operation = on G = H x S is given by
(@, x) = (b, y) = (aox(b)f(x0b, y), x0b°y) ... Q)
It is also observed that (S, °) is a right loop.
Next, let (S, °) be a right loop and y, z € S. Then uniqueness
of solution to equation X o (y e z) = (x e y) oz, x €S
determines a map fs(y, z) - S — S given by fs(y, z)(x) o (y ° z)
= (x ° y) ° z, Indeed, fs(y, z) € Sym S and fs(y, 2)(e) = e, f(x,
e) = f(e, X) = Isfor each x € S. The subgroup of generated by
{fs(y, z) : y, z € S} of Sym S is called the group torsion of S
and is denoted by Gs [8]. Further, let h € Sym(S) and y € S.
Then for each y € S, the uniqueness of solution to the
equation X ° i(y) = h(x ° y) determines a map oyh): S — S
given by h(x  y) = ay(h)(x) © h(y).
where x € S. Clearly ge(x) = X, V x € S. One may easily
observe that G = HxS forms a group w.r.t. operation given
by equation (2) where ¢ is natural action of H on S, where H
= Sym(S/{e}) = Sym(S).
Indeed, we have the following:
Theorem 2.1 ([8],Theorem 2.6). Let S be a right loops.
Then there exists a group G° containing S as a right
transversal such that if there is any group G containing S as
a right transversal then there is a unique homomorphism
from G to G® which is the identity map on S.
Take H = Sym(S/{e}) = Sym(S) and g - S — H such that g(e)
=ls(identity map on symbol S) then it determines an
operation og on S given by x °q y = xfg(y) ° y such that (S, og)
is a right loop [10].
It is observed that every right transversal of a subgroup H in
the group G determines and is determined uniquely by a
map g: S — H s.t. g(e) = I. The operation o4 will be termed
as the deformation of < through the map g: S — H with g(e)
= | [10]. Computation of operation oy described in section
(AVA

Il. ISOMORPHISM OF RIGHT LOOPS
In this section, we explain homomorphic and isomorphic
properties of right loops.

Definition 3.2. Let (Q, -) and (H, °) be any two right loops.
Then a function f- Q — H is called a homomorphism if

h(X1 ' Xz) = h(Xl) ° h(xz).
If h is bijective homomorphism then h is called an
isomorphism.
Proposition 3.3. Let (Q, ) and (H, °) be any two right
loops. Let &: Q — H be a right loop homomorphism. Then
homomorphic image h(Q) is a right loop.
Proof. Let h be a homomorphism from (Q, -) into (H, ). Let
h(a), h(b) € h(Q) and consider the equation XA(a) = h(b),
where X is unknown.
Let ¢ be the solution of x.a = b then A(c) ° h(a) = h(b), i.e;
h(c) € h(Q) is a solution to the equation X o h(a) = h(b).

Uniqueness follows immediately. Clearly h(e1) € h(Q) c H
is the identity of h(Q).
Proposition 3.4. Let S; and S, be two right loops. If h is a
isomorphism map from S; to S, then Gs; isomorphic to Gs; ,
where Gs; is the group torsion of S;.
Proof. Let S; and S; be any two right loopsand h: S1 — S,
be an isomorphism map. Lety,z €S,
Pl 2)x) e (vez) =(xep) oz
Applying h on both side, we get
h(P' 0, 2)(x) ° (v 2) = h((x°y) ° 2)
h(P' 0, 2)(x) © () ° h(z) = (h(x) ° h(¥)) ° h(2)
= h()OF*(h(y), h(z) ° (h() * h(z))
(by uniqueness of solution)

h(® @, 2)(x)) = h()OF(h(y), h(2))
h(f(y, 2)(x)) = F2(h(y), h(z))(h(x))
h > 4y, 2) = ©2(h(y), h(z)) ° h
P2(h), h(z) = ho 'y, 2) o b
Defineamap h: Gs; — Gs by

h(f(y, 2) = h° fly, 2) » h™* = F2(h(y), h(2))
Clearly it is bijective. Now
h(f(y1, 20)-FH(y2, 22)) = h(FH(y1, 2).F4(y2, 2))h 7
= P4y, 22)).  h(P(y2, 22)
for all fSl(yl, Zl), f51(y2, Zz) € Gs1 .
Since {fX(y, z) : v, z € S1} generates Gs; . Thus, h is an
isomorphism.

Remark 3.5. Converse need not be true. Take S; = Z4and S;
= Z, X Zy then Gs1 ~ Gsz = | but S; is not isomorphic to Ss.

V. NON-ISOMORPHISM CLASS OF RIGHT
LOOPS

In this section, we given the non-isomorphic class of right
loops of any order.

Let (S, ©) be a finite loop of order n.
Proposition 4.6. Let (S, °) be any right loop of order n. Then
a right loop (S, °1) of order n determines unique and is
uniquely determined by a map g: S — Sym(S/{e}) such that
X °gy =gW(x)°y X,y €S.
Proof. Let (S, 1) be another right loop of order n, where e °;
x =x°1 =X, VX € Sand eis identity of (S, °). Let X,y € S,
by uniqueness of solution of right loop (S, °1) then 3 unique
element ux € Ss.t. ux ey =xo1 yforeach x € S. Clearly e o1
y=y=ecyie ue=e.
Now, fory € S, define a map g(y) : S — S given by g(y)(X) =
ux where ux ° y = x o1 y. By uniqueness of ux € S for each x
€S, g(y) is bijective and g(y)(e) =ue =-e i.e; g(y) €
Sym(S/{e}). Clearly, g(e) = Is. This determinesamap g : S
— Sym(S/{e}) given by g(y)(x)ey = x °1y . Conversely each
g : S — Sym(S/{e}) determines a right loop (S, °g), where x
°gy = g)(x) ° y [10].
For convenience, we denote g(y)(x) by x0g(y).
Re(ma)rk 4.7. The total no. of right loop of order niis (n —
1)! n-1
Consider S = {1, 2, 3, 4} be a right loop and corresponding
composition table is

o| 1234
1] 1234
2| 2123
3| 3412
4| 4341
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Letgbeamapst. g(1) =92 =g(3) =1, g(4) = (23) and
the right loop structure (S, o) is given by the composition
table:

(S,0p) | 1234
11234
22122
33413
44341

Similarly, we calculate all right loops of order 4. Total
number of right loops of order 4 is 216.
The next proposition explores information when two right
loops (S, °g1) and (S, °g») are isomorphic.
Proposition 4.8. Two right loops are isomorphic if gi(y) =
¢ (92(¢(y))9), where ¢ € Sym(S/{e}).
Proof. Let (S, °g1) and (S, g») are two right loops. To show
that if ga(y) = ¢72(g2(4(y))¢) then (S, og1) is isomorphic to
(S, °g2). We
have
9u(y) = ¢ (92(¢(¥))¢)
#(91(y)) = 92(4(¥))¢
#(9:())x = g2(¢(y))$(x)
$(@11)x) ° $(y) = QAP (x) ° 4(Y)
P(x0g1(y) ° y) = $(x)0g24(y)) ° ¢(y)
P(x0g1(y) ° ) = $(x) °q2 $(Y)
P(x °q1y) = ¢(x) °g2 $(Y)

hence, (S, °g1) is isomorphic to (S, °g).

Proposition 4.9. Any two element ¢; and ¢, give unique g
iff g(41(Y)) g™ 2= g1 2 g(42(y)) for all S.
Proof. Let if possible there exist g; and g2 s.t.
91(y) = ¢ 1 (9(¢1(y))) ¢
g2(y) =¢ " 2(9(¢2(¥)))¢2
we have
9(Pr1(Y))p1g " 2 = g1~ 2 9(¢a(Y))
¢~ 9(p())gr = ¢ 12 9(¢a(y)) 92
01(y) = ga(y)
hence
01 =02
Conversely, suppose that

a(y) = 71 (9(¢1(y)))
a(y) = 72 (9(¢2(y))) 42

then
¢~ 9(41(y))d1 = ¢ 72 9(d2(y)) 92

hence

9(p1(y))p16 2= d167%2 g(¢2(y)).

In the next proposition, we calculate how many
isomorphism classes of right loops of order n.
From proposition [4.8] and [4.9] it is clear that number of
isomorphism class is equal to no. of orbits.

and

Proposition 4.10. The number of isomorphism classes of
right loop of order n is

eNe[Ti™ ()™ / (n-1)!
where t run over the structure of cycle in P,—;(permutation
group on n — 1 symbols), N; is total number of element of t
type in P,—;, C(t") is centralizer of t; in P,—; and n; no. of i-
length cycle in t.
Proof. By Burnside theorem, we have

no. of orbit =3 (Fix(o))/(n—1)!

Fix(o) depends only on ¢ and two conjugate permutations
have the same cycle structure. Thus, we can write

no. of isomorphism class =3t Ny(Fix(o0))/(n — 1)!

no. of isomorphism class =Y « Ni([Ti " /(C(t))" /(n — 1)!

Example 4.11. Let S be a right loop of order 4 then it has
non- isomorphic class is 44.
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