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ABSTRACT. In the present paper we connect three consecutive pairs of Lucas and Fibonacci numbers,
namely, {(L3n, F3n), (L;gnJrl7 F3n+1)7 (L3n+2, F3n+2) 'n=0,1,2,3,--- } to Pell-Lucas and Pell polyno-

mials, namely,
P,(z) = % [<z+ Va2 + l)n + <:1:f Va2 + 1>n] and
Qn(z) = ﬁ\/% [(er Va2 + 1)n — (z —Vaz? + 1)71] .

We workout some interesting combinatorial identities of Xy, = Pn(2), Yn = Qn(2) and the three consec-
utive pairs of Lucas and Fibonacci numbers.
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1. INTRODUCTION

In |1], a pair of sequences (x,, y,) is introduced by evaluating the well known Tchebyshev polynomials
of first and second kind, namely,

To(x) = % [(m—i— Va?— l)n + (:,C —Va?— 1)n and
S - [(H V1) (e - m)”“} ,

n=20,1,2,3,--- at x =09.

U, ()

The six consecutive pairs of Lucas and Fibonacci numbers, namely, {(Len+k, Fontk) : kK = 0,1,2,3,4,5
and n =0,1,2,3,-- -} have beautiful connection to (z,,y,) given by

Lenyr = Lyzn + 20Fy,
F6n+k == Fkxn + 4kan;
k=0,1,2,3,4,5and n=0,1,2,3,--- .

Some interesting combinatorial identities of (y,, yn) and (Len+k, Fontk) are presented there [1].

Motivated strongly by the above paper, first we discovered one more simple and beautiful con-
nection between (Ls,, F3,,) and (P, (2), @, (2)), namely,

(2+\/5)"+ (2— x/S)n
(2+ V22 + 1)” n (2 T 1)”

2 P,(2)

LSn
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and

P = ) (o)

NG
_ Q%H{(Q—F\/ﬁyl—@—\/ﬁ)n}
— 20,2

We introduce, X,, = P,(2) and Y,, = Q,(2). Then they fit so well that one may derive

L3n+k:Lk X, +5F, Y,
F3n+k:Fan+Lk Y,
k=0,1,2,3and n=20,1,2,---.

In the present paper, we derive some interesting combinatorial identities of (X,,,Y,) and (Lsn+k, Fantk)-
The study of combinatorial identities have many interesting facets and applications available in the recent
literature. One csn find combinatorial identities of the following entities-

(i) Catalan numbers

(ii) Lucas and Fibonacci Numbers
(iii) Tchebyshev Polynomials
(iv) Pell - Lucas and Pell polynomials

(v) Brahmagupta polynomials [|§|,
The number theory of L,, and Fj, enables one to derive many Combinatorial identities mentioned in the
end of the above paragraph.

2. RECURRENCE RELATIONS

For the sake of smooth computation of {(Lsn+k, F3n+k): k=0,1,2,3 and n =0,1,2,3,.....}, a pair
of sequences, namely (X,,,Y;,) described by Pell-Lucas and Pell polynomials is extensively applied.
Definition:

X, = Po(2), Y, = Qn(2) n=01,2--.

The pair (X,,,Y;,) has the following binet form :

1 n n

Cninn
Y, = >——

¢—n

where ( =245, n=2—+v5andn=0,1,2---.
¢ and 7 satisfy the following relations : ( +n = 4, ( —n = 2v/5, ( n = —1. By applying above binet
form, one can show that (X,,,Y,,) satisfy the following relations which are directed by Pell-Lucas and Pell

polynomials [8][14].
Identities 2.1

(1) Xn+1 = 4X,+Xn
Yn+2 + Yn

= 2X,+5Y,
(2) Yn+1 = 4Y,+Y,
Xn+2 + Xn

10
= X,+2Y,

n=1,23...
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Identities 2.2

(1) 2 Lapyr = Lsp L +5 Fsy, Fy
(2) 2 Fapyr = Ly Fi+ Fa, Ly
(3) Lanyk = Lp Xpn+5F, Y,

= (Lp—2F) X+ Fp Xnq1
= (BFy—2Ly) Yo+ Ly Yo

(4) F3n+k = Fk Xn + Lk Yn
_ (5Fk_2Lk)Xn+Lan+1
B 5

= (L —2F) Yo+ Fr Yo
k=0,1,2,3and n=20,1,2,...

Identities 2.3

(1) Latnry1x = 4 Lantk + Latn—1)4k
(2) F3(ny1)+k = 4 Fngk + F3n_1)4k
k=3,4,5andn=1,2,3,...

Identities 2.4

(1) 2 Lant1 = Lants — Lan
(2) 2 F3np1 = Fipys — Fay
(3) 2 Lant2 = Lsnyz+ Lan
(4) 2 F3p40 = Fsu43+ F3y
(5) Lanys = 2 L3y +5 F3,
(6) F3nys = L3p+2 F3y
(7) 2 Lanta = 3 Lapys+ Lan
(8) 2 Fspnya = 3 Fanqz+ Fay
(9)2 Lzn1 = Lzniz3—3 L,
(10) 2 F3, -1 = F3,43—3 F3,
n=123,

3. MATRIX POWER IDENTITIES, CASSINI DETERMINANT IDENTITIES AND (GENERATING FUNCTIONS

In the literature, a matrix power identity called Brahmagupta power identity ( ﬂgﬂ, ) is described

an Bn| _[a B]"
tB, an| [tB «

for

3 [(a+8v8) "+ (a-5v0) ]

B = Ziﬁ{(mtﬁx/i)"—(a—ﬂ\/i)n]

When @ = 2, =1 and t = 5 we obtain X,, and Y,,. As a consequence we have the following matrix
power identities and Cassini determinant identities described in the following results

(677
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Identities 3.1

X, Y., [2 11"

N

@ Yoo Yu]_Jo 1] Jo 1 !
Y. Yan 1 4| |1 4

3 X0 X, 1 2] Jo 11""
_Xn Xn+1 29 1 4
n=123,

Identities 3.2
(1) Xn—-5Y7=(-1)"
(2) Yoo1 Yoq — Yr? = (*1)n
(3) Xp1 Xpp1 —X2=(-1)""'5
n=123,...
Identities 3.3
Lanyk  Fanyr| _ | L Fr| |2 1 "
5 F3nyk Langs 5F, Li| |5 2
k=0,1,2,3and n=0,1,2,3,...
Next we state the generating function of X,,, Y,,, Lsn+r and Fs,1k, kK = 0,1,2,3 with the help of the
identities given by (2.1) and (2.2).
Identities 3.4
L+ Lz —4 Ly) t
1—4t—1t2

(1) D Lanyi t" =
n=0

Fy + (Fry3 —4 Fy) t

o0
(2) Z Fapip t" =

1—4t—t2
—-21
X t"*
(3) Z 4t—t2
(4) iy T
1—4t—¢2
k70,1,2,3.

4. SUMMATION IDENTITIES

By suitable rearranging recurrence relations one like below the summation identities can be derived
non trivially.

Xy = 4Xp 14+Xe 0, k=2,3,.....0n

Adding all and simplifying we get the following summation identities:
Identities 4.1

(1) 4 Xp=Xp + X +1

k=0
(2) A Y=Yy +Y,—1
k=0
n=20,1,2,3,...

Following the same ideas, one can derive the following summation
identities :
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SHORT TITLE (MAXIMUM 70 CHARACTERS)
Identities 4.2

(1) 4 ZX% = Xony1+2
k=0

(2) 4 VYo =You1—1
k=0
n=0,1,2,3,...

The binet form of X,, and Y,, will guide the following square sum identities:
Identities 4.3

- 1 2+ (=1)"
(1) ZX%; =3 [Xont2 — Xon] + {(4)}
="
(2) ZYk = 160 [(Xant2 — Xon] 50
n:QLZ&“.

By making use of Ls, 4+ = Li X +5 Fy Y, and Fsqp = Fi, X,y + L Yy, : £ =0,1,2,3. One can directly
derive the following square sum identities :
Identities 4.4

= Loy, sz o (=1th
1 L2 Xop X, Yopog — 1] 4k - 22
(1) ;)M—&-k S0 Kond2 = Xon] + == [Yonar — 1 + 2 5
L 5 F: L?
(2) Z Frp = =g Xanga = Xou] + =2 [Yosr = 1]+ 5 + (-1

k-QLZSmanOJﬂﬁPH

5. CONVOLUTION IDENTITIES

The binet forms will guide the following convolution identities :
Identities 5.1

- 1
(1) ZXk Xn—k = 3 [(n+1)X, + Y]
- 1
(2) ZYk Yok = 1 [(n+1)X,, — Yi41]
k=0
n n
n+1
B D Xk YVuh=) Vi X, 4= (2) Yo
k=0 k=0
n=012,...
Identities 5.2
(1) > Larik Laneryer = (n+1) Langor + (1) 2 Vs
r=0
- 1
(2) ZF3T+I€ F3tnery4x = 5 [(n+1) Lypyor — (—1)" 2 Yipi ]
r=0
(3) Z L3k Fypnery1k = Z Farik L)tk = (n+ 1) F3n401
r=0 r=0

k=0,1,2,3and n=0,1,2,3,...

The identities 5.1 and 5.2 can be derived directly using the identities of the section (2). For a good
account of convolution identities one may refer to [2].
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