
Abstract

The object of this paper is to established the Kober fractional integral operator
of the generalized basic hypergeometric function.Interestingly Kober fractional in-
tegral operator of various q-polynomials have been expressed in terms of the basic
analogue of Kampė de Fėriet function.Some special cases have been deduced as an
application of main result.
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1 Introduction

For q < 1 and real or compleex a, the q-shifted factorial is defined as

(a, q)n =

{
1 if n = 0;
(1− a)(1− aq)(1− aq2) . . . (1− aqn−1) if n ∈ N.

(1.1)

The q-gamma function is given as

Γq(z) =
(q; q)∞
(qz; q)∞

(1− q)1−z. (1.2)
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In terms of gamma the equation (1) can be expressed as

(a; q)n =
Γq(a+ n)

Γq(a)
(1− q)n. (1.3)

Also

(x− y)ν = xν
(
y

x
; q
)
ν

(1.4)

The genaralized basic hypergeometric Serie [2, (1.2.22), p.4] is defined as

rϕs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs



=
∞∑
n=0

(a1; q)n(a2; q)n . . . (ar; q)n
(q; q)n(b1; q)n(b2; q)n . . . (bs; q)n

(−1)nq

(
n
2

)
1+s−r

zn. (1.5)

The Basic analogue of Kober fractional integral operator (cf.Agarwal [1]) is given by

Iη,αq {f(x)} =
x−η−α

Γq(α)

∫ x

0
(x− tq)α−1t

ηf(t)dqt. (1.6)

where ℜ(α) > 0,|q| < 1 and η ∈ R

Also the basic integral (cf.Gasper&Rahman[3]) is given by∫ x

9
f(x)dqt = x(1− q)

∞∑
k=0

qkf(zqk). (1.7)

In view of (1.7) the equation (1.6) can be written as

Iη,αq {f(x)} =
−q−αx1−ηzη−1(1− q)

(
zq
x
; q
)
α

Γq(α)

∞∑
r=0

(
z
x
q1+α; q

)
r
qηr(

zq
x
; q
)
r
(1− x

z
q−(n+r))

f(zqr). (1.8)

which on replacing x by z we have

Iη,αq {f(z)} =
−q−α(1− q)(q; q)α

Γq(α)

∞∑
r=0

(q1+α; q)rq
ηr

(q; q)r(1− q−(n+r))
f(zqr). (1.9)

Heine’s q-analogue of Gauss summation formula is given by

2ϕ1(a, b; c; q, c/ab) =
(c/a, c/b; q)∞
(c, c/ab; q)∞

. (1.10)
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the above formula is valid for |c/ab| < 1.For the terminating case when a = q−n, (1.10)
reduces to

2ϕ1(q
−n, b; c; q, cqn/b) =

(c/b; q)∞
(c; q)∞

. (1.11)

By changing the order of summation it follows from (1.11) that

2ϕ1(q
−n, b; c; q, q) =

(c/b; q)∞
(c; q)∞

bn. (1.12)

The q-binomial theorem due to Cauchy [1843], Heine[1847] is given by

1ϕ0(a;−; q, z) =
(az; q)∞
(z; q)∞

|z| < 1, |q| < 1. (1.13)

The basic analogue of Kampė de Fėriet function (cf.Srivastava and Karlson[3]) is defined
as

ϕA:B;B′

C:D;D′

 (a) : (b); (b′)
; q, x, y

(c) : (d); (d′)


=

∑
m,n≥0

∏A
p=1(ap; q)m+n

∏B
p=1(bp; q)m

∏B′

p=1(b
′
p; q)n∏C

p=1(cp; q)m+n
∏D

p=1(dp; q)m
∏D′

p=1(d
′
p; q)n

xmxn

(q; q)m(q; q)n
(1.14)

where |x| < 1, |y| < 1 and 0 < |q| < 1.

The abnormal type of genaralized basic hypergeometric Serie is defined as

rϕs

 a1, a2, . . . , ar; q, z

b1, b2, . . . , bs; q
λ

 =
∞∑
n=0

(a1, a2, . . . , ar; q)n
(q, b1, b2, . . . bs; q)n

znqλn(n−1)/2. (1.15)

where λ ≥ 0.
In the proof of the main result, I will use the following definition of various q-polynomials
in the proof of the main results: The q-Laguerre polynomials

L(α)
n (x; q) =

(qα+1; q)n
(q; q)n

1ϕ1


q−n

; q,−xqn

qα+1

 (1.16)

The Wall polynomials (or Little q-Laguerre polynomial)

Wn(x; b, q) = (−1)n(b; q)nq
n(n+1)/2

2ϕ1


q−n, 0

; q, x

b

 (1.17)
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Γα,β
n (z; q) =

(qα+1; q)n
(q; q)n

2ϕ1


q−n, qα+β+n+1

; q,−xq

qα+1

 (1.18)

The Stieltjes-Wigert polynomials

Sn(x; q) = 1ϕ0

 q−n ; q,−x

− ; q1

 (1.19)

The q-Hahn polynomials

Qn(x;α, β, ν; q) = 3ϕ2

 q−n, αβqn+1, x
; q, q

αq, νq

 (1.20)

The q-Meixner polynomials

Mn(x; β, γ; q) = (β; q)n 2ϕ1


q−n , x

; q, q
n+1

γ

β

 (1.21)

The q-Charlier polynomials

Cn(x;α; q) = 2ϕ1


q−n , x

; q,− qn+1

α

0

 (1.22)

The q-Krawtchouk polynomials

Kn(x; a,N ; q) = 3ϕ2

 q−n,−a−1qn, x
; q, q

q−N , 0

 (1.23)

The q-Konhauser polynomials of first Kind

Z{α}
n (z; k; q) =

(qα+1; q)nk
(qk; qk)n

n∑
i=0

(q−nk; qk)i
(qk; qk)i

q(1/2)ki(k−1)+ki(n+α+1)

(qα+1; q)ik
xik (1.24)

The q-Konhauser polynomials of second Kind

Y {α}
n (z; k; q) =

1

(q; q)n

n∑
i=0

qr(r−1)/2xr

(q; q)r

r∑
i=0

(q−r; q)i(q
1+α+i; qk)nq

i

(q; q)i
(1.25)
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The bibasic form of the q-analogue of the Bedient polynomials of first kind is given by:

Rn(α, β; q, x) =
(α; q)n(2x/

√
α)n

(q; q)n
3ϕ2


q−n, q−n+1: β/α

; q2, q, (q/x)n

− : β, q1−n/α

 (1.26)

The bibasic form of the q-analogue of the Bedient polynomials of second kind is given
by:

Gn(α, β; q, x) =
(α; q)n(2x)

n

(q; q)n(αβ; q)n
3ϕ2


q−n, q−n+1: q1−n/αβ

; q2, q, (1/x)n

− : q1−n/α, q1−n/β

 (1.27)

and the Gegenbaur polynomials

Rn(α, β; q, x) =
(α; q)n(2x/

√
α)n

(q; q)n
2ϕ1


q−n, q−n+1:−

; q2, q, (q/αx)n

− : q1−n/α

 (1.28)

The generalized multibasic hypergeometric function is defined as:

ϕ


a1, a2, . . . , ar: c11, c12, . . . , c1r1 ; . . . ; cm1, cm2, . . . , cmrm

; q, q1, q2, . . . , qm; z

b1, b2, . . . , bs: d11, d12, . . . , d1s1 ; . . . ; dm1, dm2, . . . , dmsm



=
∞∑
n=0

(a1, a2, . . . , ar; q)n
(q, b1, b2, . . . , bs; q)n

zn
m∏
j=1

(cj1, cj2, . . . , cjrj ; qj)n

(dj1, dj2, . . . , djsj ; qj)n
. (1.29

where 0 < |qj|, |q| < 1, |z| < 1.

2 Main Results

Iη,αq

(1− q−(α+r))rϕs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs



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=
−q−α(1− q)(q; q)α(q

1+η+α; q)∞
Γq(α)(qη; q)∞

r+1ϕs+1

 a1, a2, . . . , ar, q
η

; q, z
b1, b2, . . . , bs, q

1+η+α

 (2.1)

Iη,αq

{
(1− q−(n+r))(q1+η; q)r

(q2(1+η)+α; q)r

}
=

−q−α(1− q)(q; q)α
Γq(α)

∏ q1+2η, q1+α+η; q

q2(1+η)+α, qη

 (2.2)

Iη,αq

{
(1− q−(n+r))(q−r; q)rq

n(1−η)

(q1+α+η; q)r

}
=

−qα(1− q)(q; q)α(q
η; q)r

Γq(α)(q1+α+η; q)r
qr(1+α) (2.3)

Iη,αq

{
(1− q−(r+α))Qn(z;α, β, ν; q)

}

=
−(1− q)(q; q)α

qαΓq(α)
ϕ1:1;2
0:1;2

 z : q1+α; q−n, αβqn+1

; q, qη, q
− : z ;αq, νq

 (2.4)

Iη,αq

{
(1− q−(r+α))Mn(z; β, γ; q)

}

=
−(1− q)(q; q)α(β; q)n

qαΓq(α)
ϕ1:1;1
0:1;1

 z : q1+α; q−n

; q, qη, q
n+1

γ

− : z ; β

 (2.5)

Iη,αq

{
(1− q−(r+α))Cn(z;α; q)

}

=
−(1− q)(q; q)α

qαΓq(α)
ϕ1:1;1
0:1;0

 z : q1+α; q−n

; q, qη,− qn+1

α

− : z ;−

 (2.6)

Iη,αq

{
(1− q−(r+α))Kn(z; a,N ; q)

}

=
−(1− q)(q; q)α

qαΓq(α)
ϕ1:1;2
0:1;2

 z : q1+α; q−n,−a−1qn

; q, qη, q
− : z ; q−N , 0

 (2.7)

Iη,αq

{
(1− q−j−α)Z{α}

n (z; k; q)
}
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=
−(1− q)(q; q)α(q

1+α+η; q)∞
qαΓq(α)(qη; q)∞

(qα+1; q)nk
(qk; qk)n

n∑
i=0

(q−nk; qk)i(q
η; q)ik

(qk; qk)i(q1+α+η; q)ik

q(1/2)ki(k−1)+ki(n+α+1)

(qα+1; q)ik
zik

(2.8)

Iη,αq

{
(1− q−j−α)Y {α}

n (z; k; q)
}

=
−(1− q)(q; q)α(q

1+α+η; q)∞
qαΓq(α)(qη; q)∞(q; q)n

n∑
i=0

(qη; q)rq
r(r−1)/2xr

(q; q)r(q1+α+η; q)r

r∑
i=0

(q−r; q)i(q
1+α+i; qk)nq

i

(q; q)i
(2.9)

Iη,αq

{
(1− q−j−α)Rn(α, β; q, x)

}
=

−(1− q)(q; q)α(q
1+α+η; q)∞(α; q)n(2z/

√
α)n

qαΓq(α)(qη; q)∞(q; q)n

×4ϕ3


q−n, q−n+1: β/α, q−α−η

; q2, q, q
n+α+1

xn

− : β, q1−n/α, q1−η

 (2.10)

Iη,αq

{
(1− q−j−α)Gn(α, β; q, x)

}
=

−(1− q)(q; q)α(q
1+α+η; q)∞(α; q)n(2z)

n

qαΓq(α)(qη; q)∞(q; q)n(αβ; q)n

×4ϕ3


q−n, q−n+1: q1−n/αβ, q−α−η

; q2, q, q
α+1

xn

− : q1−n/α, q1−n/β, q1−η

 (2.11)

Iη,αq

{
(1− q−j−α)C{α}

n (z; q)
}
=

−(1− q)(q; q)α(q
1+α+η; q)∞(α; q)n(2z/

√
α)n

qαΓq(α)(qη; q)∞(q; q)n

×3ϕ2


q−n, q−n+1: q−α−η

; q2, q, q
n+α+1

αxn

− : q1−n/α, q1−η

 (2.12)

Iη,αq

(1− q−(α+r))ϕ


a1, . . . , ar: c11, . . . , c1r1 ; . . . ; cm1, . . . , cmrm

; q, q1, q2, . . . , qm; z

b1, . . . , bs: d11, . . . , d1s1 ; . . . ; dm1, . . . , dmsm




=
−q−α(1− q)(q; q)α(q

1+η+α; q)∞
Γq(α)(qη; q)∞
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×ϕ


a1, . . . , ar, q

η: c11, . . . , c1r1 ; . . . ; cm1, . . . , cmrm

; q, q1, q2, . . . , qm; z

b1, . . . , bs, q
α+η+1: d11, . . . , d1s1 ; . . . ; dm1, . . . , dmsm

 (2.13)

Proof of the main results:

To prove the result (2.1), take

f(z) = (1− q−(α+r))rϕs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs


in the equation(1.9). After interchanging the order of summation and using the formula(1.13)
and after some simplification , we obtain

Iη,αq

(1− q−(α+r))rϕs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs




=
−q−α(1− q)(q; q)α(q

1+η+α; q)∞
Γq(α)(qη; q)∞

∞∑
r=0

(a1, a2, . . . , ar, q
η; q)r

(b1, b2, . . . , bs, q1+α+η)r
zr

(−1)rq

(
r
2

)
1+s−r

On making use of equation(1.5), this reduces to result(2.1).
To prove the result (2.2), take

f(z) = (1− q−(α+r))
(q1+η; q)r

(q2(1+η)+α; q)r

in the equation (1.9), we qbtain

Iη,αq

{
(1− q−(α+r))(q1+η; q)r

(q2(1+η)+α; q)r

}
=

−q−α(1− q)(q; q)α
Γq(α)

2ϕ1

(
q1+α, q1+η; q2(1+η)+α; q, qη

)
Making use of the equation(1.10) this reduces to the result (2.2).

To prove the result (2.3), take

f(z) =
(1− q−(α+r))(q−n; q)rq

r(1−η)

(q1+η+α; q)r
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in the equation (1.9), we qbtain

Iη,αq

{
(1− q−(n+r))(q−r; q)rq

n(1−η)

(q1+α+η; q)r

}
=

−q−α(1− q)(q; q)α
Γq(α)

2ϕ1

(
q−n, q1+α; q1+η+α; q, q

)

Making use of the equation (1.12) this reduces to the result (2.3).

To prove the result (2.4), take

f(z) =
{
(1− q−(r+α))Qn(z;α, β, ν; q)

}
in the equation (1.9), we obtain

Iη,αq

{
(1− q−(r+α))Qn(z;α, β, ν; q)

}
=

−(1− q)(q; q)α
qαΓq(α)

∞∑
r=0

(qα+1; q)rq
rη

(q; q)r

∞∑
i=0

(q−n, αβqn+1; q)i(zq
r; q)i

(αq, νq; q)i(q; q)i
qi

On simplification this can be written as

=
−(1− q)(q; q)α

qαΓq(α)

∞∑
r=0

∞∑
i=0

(z; q)r+i(q
α+1; q)r(q

−n, αβqn+1; q)i
(z; q)r(αq, νq; q)i(q; q)r(q; q)i

qrηqi

In view of equation (1.14), this reduces to the result (2.4).

Proofs of the results (2.5), (2.6) and (2.7) can be seen similarly.

To prove the result (2.8), take

f(z) =
{
(1− q−j−α)Z{α}

n (z; k; q)
}

in the equation (1.9), we obtain:

Iη,αq

{
(1− q−j−α)Z{α}

n (z; k; q)
}

=
−(1− q)(q; q)α

qαΓq(α)

(qα+1; q)nk
(qk; qk)n

∞∑
r=0

(qα+1; q)rq
rη

(q; q)r

n∑
i=0

(q−nk; qk)i
(qk; qk)i

q(1/2)ki(k−1)+ki(n+α+1)

(qα+1; q)ik
zikqikr

Interchanging the order of summation and using the formula(1.13) and after some sim-
plification , we obtain the result the result (2.8).
Result (2.9) can be proved similarly.
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To prove the result (2.10), take f(z) = {(1− q−j−α)Rn(α, β; q, x)} in the equation
(1.9). Interchanging the order of summation, we btain:

Iη,αq

{
(1− q−j−α)Rn(α, β; q, x)

}
=

−(1− q)(q; q)α(α; q)n(2z/
√
α)n

qαΓq(α)(q; q)n
×

∞∑
i=0

(q−n, q−n+1; q2)i(β/α; )i
(q; q)i(β, q1−n/α; q)i

(
qn

xn
)i

∞∑
r=0

(qα+1; q)rq
r(η−i)

(q; q)r

Now using the formula (1.13) and simplifying, we obtain the result (2.10).
The results 2.11 and (2.12) can be proved similarly.
To Prove the result(2.133), take

f(z) = (1− q−(α+r))ϕ


a1, . . . , ar: c11, . . . , c1r1 ; . . . ; cm1, . . . , cmrm

; q, q1, q2, . . . , qm; z

b1, . . . , bs: d11, . . . , d1s1 ; . . . ; dm1, . . . , dmsm


in the equation(1.9).Interchanging the order of summation and using the formula (1.133),
we obtain the following:

Iη,αq

(1− q−(α+r))ϕ


a1, . . . , ar: c11, . . . , c1r1 ; . . . ; cm1, . . . , cmrm

; q, q1, q2, . . . , qm; z

b1, . . . , bs: d11, . . . , d1s1 ; . . . ; dm1, . . . , dmsm




=
−q−α(1− q)(q; q)α(q

1+η+α; q)∞
Γq(α)(qη; q)∞

∞∑
n=0

(a1, . . . , ar, q
η; q)n

(q, b1, . . . , bs, qα+η+1; q)n
zn

m∏
j=1

(cj1, . . . , cjrj ; qj)n

(dj1, . . . , djsj ; qj)n
.

Now using the definition (1.29), this reduces to the result(2.13).

3 Application of the result (2.1):

In this section, I will evaluate Kober fractional integral operator of some of the basic
hypergeometric polynomials as an application of the main result(2.1).The results are
listed below.

Iη,αq

{
(1− q−(r+α))Sn(z; q)

}

=
−(1− q)(q; q)α(q

1+α+η; q)∞
qαΓq(α)(qη; q)∞

2ϕ1

 q−n, qη ; q,−z

q1+α+η; q1

 (3.1)
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Iη,αq

{
(1− q−(r+α))L(α)

n (z; q)
}

=
−(1− q)(q; q)α(q

α+1; )n(q
1+α+η; q)∞

qαΓq(α)(q; q)n(qη; q)∞
2ϕ2

 q−n, qη ; q,−zqn

qα+1, q1+α+η

 (3.2)

Iη,αq

{
(1− q−(r+α))Wn(z; b; q)

}

=
(−1)n+1(1− q)(q; q)α(b; q)n(q

1+α+η; q)∞qn(n+1)/2

qαΓq(α)(qη; q)∞
3ϕ2


q−n, 0 , qη

; q, z

b, q1+α+η

 (3.33)

Iη,αq

{
(1− q−(r+α))Γα,β

n (z; q)
}

=
−(1− q)(q; q)α(q

α+l; q)n(q
1+α+η; q)∞

qαΓq(α)((q; q)nqη; q)∞
3ϕ2


q−n, qα+β+n+1, qη

; q, zq

qn+1, q1+α+η

 (3.4)
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