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1. INTRODUCTION

Metric spaces have undergone numerous generalizations over
time. One such generalization is the Menger space,
introduced by Menger in 1942 [12], where distribution
functions replace nonnegative real numbers as metric values.
Schweizer and Sklar [22] further explored this concept, and
significant developments in Menger space theory were later
contributed by Sehgal and Bharucha-Reid [18].

Sessa [19] introduced the concept of weakly commuting
maps in metric spaces, which was later extended by Jungck
[8] to include compatible maps. Mishra [13] further expanded
this idea in Menger spaces by incorporating the notions of
weak compatibility and compatibility of self-maps.

In this paper, we establish a common fixed point theorem for
expansion mappings involving six mappings in Menger
spaces, considering the conditions of weak compatibility and
semi-compatibility.

2. PRELIMINARY

Definition 2.1- A triangular norm * (shortly t-norm) is a
binary operation on the unit interval [0,1] such that for all
a,b,c,de [0,1] the following conditions are satisfied.

(a) a*l=a

(b) a*b=b*a

(c) a*b<c*d whenevera<c & b<d

(d) a*(b*c)=(a*b)*c

Examples of t-normare a*b= max{a+ b- 1,0} and
a*b= min{a,b}.

Definition 2.2- A distribution function is a function
F:|F ¥ ,¥ ]® [0,1] which is left continuous on R,
non- decreasing and F(— ¥ )= 0, F(¥ )= 1.

We will denote by D the family of all distribution functions
on [— ¥ ¥ ] H is special element of D defined by

0if t£0

H(t)= {1 if t>0
F: X" X® Dis called a
probabilistic distance on X and F (X, y) is usually denoted

If X is nonempty set,

by -
Definition 2.3 (Schweizer and Sklar [16])-The ordered pair
(X : F) is called a probabilistic metric space (shortly PM

space) if X isnonempty setand F isa probabilistic distance
satisfying the following conditions: for all X,Yy,Z € X and

t,s> 0,
(FM0) F(t)
(FM1) F(0)=0

(FM2) F,y(t)=F,, (1)

(FM3) F,(t)=LF,(s)=1=F,(t+s)=1

liff Xx=y

The ordered triplet (X, F,*) is called Menger space if
(X,F) is a PM-space,* is a t-norm and the following

condition is also satisfies: for all X,y,Z € X andt,s> 0,

(FM 4) F, (t+s)* F,(t)* F, (s).
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Proposition 2.4 (Sehgal and Bharucha-Reid [13]) - Let
(X,d) be a metric space. Then the metric d induced a

distribution function F defined by
Fy ()= H (- d(x.y))
for all X,yeX and t>0. If t-norm *is

a*b= min{a,b} forall a,be [0 ,1] then (X,F,*)
is a Menger space. Further, (X, F,*) is complete Menger
space if (X,d) is complete.

Definition 2.5 (Mishra [14]) -Let (X,F,*) be a Menger
space and * be a continuous t -norm.

() A sequence {Xn} in X is said to be convergent to some
point X in X iff forevery > 0 and | € (0,1) there exist
aninteger Ny = Ny (&1 )suchthat F,_ (€)> 1- | forall
n* n,.
(b) A sequence {Xn} in X is said to be Cauchy sequence if
| €(01)There exist an integer

N =ny(e,l) such that F_, (e)>1- 1 for all

for e>0 and

n* n,and p>o0.

(c) A Menger space in which every Cauchy sequence is
convergent is said to be complete.

Remark 2.6- If * is continuous t -norm, it follows from (FM
4) that the limit of sequence in

Menger space is uniquely determined.

Definition 2.7 (Singh and Jain [21]) - Self maps A and B
of Menger space (X F, *)are said to be weakly compatible

if they commute at their coincidence points, that is
If AX=Bx = ABx =BAXxforsome xe X .

Definition 2.8 (Mishra [14]) - Self maps A and B of
Menger space (X,F,*) are said to be compatible if

Fasx, pax, )® 1 for all t> 0 whenever {X, }is a

sequence in X such that AX , BX, ® X for some Xin X
asn® ¥ .
Definition 2.9- Self maps A and B of Menger space

(X,F,*) are said to be a semi compatible if

r!(I@ry Fag 5 )® 1 for all t> 0 whenever {X } is a

Lemma 2.10- Let {Xn} be a sequence in a Menger space

(X, F,*) with continuous t-norm * and t *t £ t. If there
exist a constant k> 1such that F (k)£ Fox., (t)

For all t>0 an n=1,2,..., then {Xn} is a Cauchy

sequence in X .

Lemma 2.11- Let (X, F,*) be a Menger space. If there

exist k> 1 such that ny (kt)£ ny (t)
Forall X,y € Xand t> 0,then X=1Y.

3. MAIN RESULTS

Theorem 3.1- Let A,B,S,T,L and M be self maps on a
complete Menger space (X,F,*) with t*t£ tfor all

tef0,1] satisfying,
@ ST(X)c L(X), AB(X)cM(X)

(b) For all X,ye X and t> O there exist a constant

k > 1such that
F 2Ly (kt)£

-~ {FABXLX (t/2)* FLr, (t/2)* Fuysr, (t)}
Frery (kt/2)* Fyysr, (kt/2)

(c) Either AB or L is continuous.
(d AB=BA,ST =TS,LB=BL and MT =TM .

(e) Pair (L, AB) is semi compatible and (M ,ST)is weak

compatible.
Then A/B,S,T,L and M have unique common fixed
pointin X _
Proof: - Let X, €X is any arbitrary point. As

ST(X)c L(X) and AB(X)c M(X) , there exist

XxeX , XeX

ABx, = Mx, =, ,

STXZn—l = LXZn = y2n and ABXZn = I\/I)(2n+1 = y2n+1 for

Step (1) —Using (b) with X=X, and Y = X,
F 2LX2nMX2n+1 (kt)E'

such that STx;=Lx =Y, and

inductively we have

m {FABXZnLXZn (t / 2)* I:LXZnSTxZn+l (t / 2)* FMX2n+1STX2n+1 (t )}

sequence in X such that Fie, st (kt/2)* P, 5T (kt/2)
limAX, ® x,limBx, ® xasn® ¥ for some Xin F2y0m. (k)£
X _ {me (t/2)*F, , (t/2)*F, (t)}
F,,  (kt/2)*F,  (kt/2)
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F ? YanY2nu (kt) £ FYZn+1Y2n+2 (t) FyZny2n+l (kt)

FyZn Yona (kt) £ Fy2n+1y2n+2 (t)
Similarly it can be found that

Fy2n+ly2n+2 (kt) £ FY2n+zY2n+3 (t)

Therefore for all N even or odd we have Fynynﬂ(kt)E

F, ., Thus {yn} is a Cauchy sequence . Since X is

complete then {yn} converges to some point z in X . Orall

subsequence {STXZn_l}, {LXZH},{MXZM} and {ABXZH}

also convergesto Z .

Case (a) — When map AB is continuous .

Step (2)- Since limLx,, =z and lim ABX,, = z. Since
n®¥ n®¥

ABis continuous map then Ii(g) ABLX,, = ABz and
n

lim ABABX,, = ABz

n®¥
Also (AB, L) is semi compatible map then if
Inlﬁgg ABX,, = Inlﬁgg Lx,, =z
Therefore lim LABX,,, = ABz.
n®¥
Using (b) with X = ABX,,,, Y = X514
F? LABX,\MXy 41 (kt)Emax

{FABABXZ,]LABXZH (t / 2)* FLABXZHSTXZ,M (t / 2)* FMXZMST2n+1 (t)}
I:LABxZnSTXZM (kt / 2)* I:MXZMSTX2n+l (kt / 2)

Limiting ne¥ We have
F zzABz (kt)ﬁmax {FABZABZ (t / 2) I:zABz (t / 2) Fzz (t)}
Fore: (kt/2)* F, (kt/2)
F 2z (kt)E F o, (t/ 2)F ., (Kt / 2)
? 82 kt)E FZABZ( ) zABz( )

zABz kt)f' FZABZ( )
ABz =12
Step (3)- Using (b) with X=2 , Y =X,

SEEY (kt) £max
FABZLZ (t / 2)* FLZSTXZrHl (t / 2)* FMX2n+lSTX2n+l (t)
FLzSTxM1 (kt / 2)* FMXMASTXZ,HI (kt / 2)

Now limiting ne¥ we have

FZZLz(kt)Ema Z'—Z(tlz) Fsz(tIZ) Fzz(t)
F..(kt/2)*F,(kt/2)

ZZLZ (kt) 7Lz ) 2Lz (kt / 2)

(t/
F2aa (kt) £ Fy, (1) Fy, (KE)

sz (kt)£ I:sz (t) =lz=2

Step (4) - Since LB =BL then LBz=BLz=Bz
Also AB=BA = ABBz=BABz =Bz

By using (b) with x =Bz, y = X, ,
F? LBzMx,p.g (kt) £max

FageLe: (t/ 2) LBzSTxz, (t/ 2) MXp41ST2n l()
| i

FLBZSTX2 " (kt / 2) MX; 141STXz 041

F 2 Leavx,y, (kt) £max {

e 1/ 2)* i (t/2)*F, (t)}

(kt/2)*F,(kt/2)

sz
Fe(kt)EFg, (t/2)F, (kt/2)

F e (k)£ g, (t)Foe, (kO)

Fe (kt)EF,, (t)= Bz=12
Step (5) - Since Lz =2 and ST(X)g L(X)
Then there exists a point We X such that Lz = STw
By using (b) with X=X, , Y=W
FZLXZHMW(kt)EmaX

Fage, i, (1 2)* iy s (£12)*
{FLXZHSTW (kt/ 2)* FMWSTw(kt/ 2)

Now limiting ne¥ we have

s 2 2 )

Funsra )}

sz (kt / 2)* FMWLZ (kt / 2)
F ZZMW (kt)£ I:zMw( ) zMw(kt / 2)
ZMW (kt) £ FZMW( ) FZMW (kt)

Fo (kt)£ Fo () = Mw =z
Therefore STW == Mw
since (ST, M ) is weak compatible, then STMw = MSTw
= STz =Mz
Step (6) — Using (b) with X=X,, , Y=12

F 2L, M (kt)£max
Fagi, i, (”2)* Fu, stz (t/2)*
I:L>(2nSTz (kt / 2)* FMZSTZ (kt / 2)

F 2zMz (kt)Emax { FZZ (t / 2) FZMZ (t / 2) I:MzMz (t)}

e (KE/ 2)* Py, (KE/2)
F2ae (kt)£Fp, (t/2)F,, (kt/2)
F v (k)£ P (£) Fae ()
Fo, (Kt)EF,, (1) =>Mz=1z.

Step (7) — Since MT =TM therefore MTz =TMz =Tz
Again Since ST =TS therefore STTz =TSTz =Tz

Now using (b) with X =X, , Y =Tz

Fusr, (t )}
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F? Lo, MTz (kt) £max
{FABXMLX2n (t / 2)* I:LXZnSTTZ (t / 2)* FMTZSTTZ (t )}

FLXZHSTTZ (kt/ 2)* Fumstr (kt/ 2)

Now limiting ne¥ we have

) Fa(t/2)* Py (t/2)* P, (1)
F %7 (kt ) £max

I:sz (kt / 2)* I:Tsz (kt / 2)

F2(kt)eF,(t/2)F,,(kt/2)
F2m(kt)£Fp, (t)F,, (kt)
I:sz (kt)£ I:sz (t) = Tz=1z
Since STz=z=>Sz=12
Therefore Az=Bz=Sz=Tz=Lz=Mz =12z, thatis z
is the common fixed point of the six maps.
Case (b) ~When map L is continuous.
Step (8) - Since Inlqgl ABX,, = Inlqgg Lx,, =z and
limLABLX,, = limLLx,, = Lz
n®¥ n®¥
Also pair (AB, L) is semi compatible pair since
lim ABx,, =limLx,, =z
n®¥ n®¥
lim ABLX,, =Lz
ne¥
By using (b) with X =LX,,, Y =X,
F 2L|_x2n|v|><2n+1 (kt)Emax
{FABLXZHLLXZn (t / 2)* FLLXZHSTXZNI (t / 2)* FMXZHHSTXZHH (t)}

I:LLXZHSTXZ,M (kt / 2)* FMXZ,MSTXZ,M (kt / 2)

Now limiting nex we have
t/2)*F, (t/2)*F (t
Fzsz (kt)Ema Lsz( / ) sz( / ) zz( )
F,,(kt/2)*F,(kt/2)

F2u(kt)eF,,(t/2)F,,(kt/2)

ZZLZ (kt) £ FZLZ( ) 2Lz (kt)

sz (kt)E Fsz( ):> Lz=z.
Step (9) - Again using (b) with X=2,y =X,
SEEY (kt) £max

{FABZLZ (t / 2)* l:LZSTXZ,M (t / 2)* I:MXZ,MSTXZ,H1 (t )}

FLzSTx2n+1 (kt / 2)* Fl\/leMSTxm1 (kt / 2)

Now limiting ne¥ we have

o V2L )

F,,(kt/2)*F,(kt/2)
F2a(kt)eFp, (t/2)F,, (kt/2)
FZZZ( )EFZABZ() sz( )

F (kt)£ Fope, (1)

= 1£F,, (t)= ABz=z
= ABz=Az=17

Rest proof is same as step-4 onward.
Uniqueness: - Let U be another common fixed point of

AB,S, T,Land M then
Au=Bu=Su=Tu=Lu=Mu=u.

By using (b) with X=U,Y =X, ,

F 2 LuMxyp 4 (kt)Emax

I:ABuLu (t / 2)* I:LuSTxmﬂ (t / 2)* FMXZMISTXZM1 (t)
I:LuST><2m1 (kt/Z)* I:MXZMSTXZM (kt/Z)
Now limiting ne¥ we have
F (t/2)*F,(t/2)*F,(t
quz (kt)Emax{ uu( ) uz( ) zz( )}

F,(kt/2)*F,(kt/2)
Flu(kt)£F,(t/2)F,(kt/2)
Fu(kt)£F, (t)F,, (kt)
Fu. (kt)£ F. (t) = U = Z. This completes the proof of the
theorem.
Example 3.2: - Let X & [0,1] with the metric d defined by
d(x,y)= X—y| and defines ny(t) =H(t-d(x,y))
for all X,y e X,t>0. Clearly (X, F,*) is a complete
Menger space where t-norm * is defined by
a*b= min{a,b} forall a,b e [0,1] .Let A,B,S,T,L
and M be maps from X into itself defined as

A(X)=x/3,B(x)=x,S(x)=x/2,T(x)=x, L(x)=x/3

M (x)= x/ 4 for all XeX. Then
L(X)=1{0,1/3}{0,1/2}=ST(X) and
M(X)={0,1/4}{0,1/3} = AB(X). Clearly

AB =BA MT =TM, ST =TS,LB=BLand AB,L

are continuous. Moreover {X } is a sequence such that [im
n®¥

{x.}=0. since limABx, =limLx, =0 for Oe X ,
n®¥ n®¥
then 1im ABLX, =1im LABX, . Therefore (AB,L) is

compatible . Also M and ST are weakly compatible at 0.
Condition (b) of main theorem satisfy equal condition for

k=2,t=1/3 and Xx=1y=1/2 where {1,1/2}6 X
and less than condition for k=2, t=1/20 and
x=0,y=1/2 where {0,1/2}6)(. Thus all the

condition of main theorem satisfied and 0 is the unique
common fixed pointof A, B,S,T,Land M
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Corollary: - Let AB,ST be self maps on a complete

Menger space (X, F,*) with t*t£ tfor all te [0,1]
satisfying,

@ AX)cT(X), B(X)cS(X)

(b) Forall X,y € Xand t>0 there exist a constant

k > 1 such that
F 2 axey (kt) £max

{ I:SxAx (t / 2)* I:AxTy (t / 2)* I:ByTy (t )}

Faery (kt/2)* Fyyry (kt/2)

(c) Either A or S is continuous .
(d) Pair (A, S) is semi compatible and (B,T) is weak
compatible .

Then A/B,S&T have unique common fixed

pointin X .
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