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LINTRODUCTION

In this paper, we consider only finite, simple, connected
graphs. Let G be such a graph with vertex set /(G) and edge
set E(G). The degree ds(u) of a vertex u is the number of
vertices adjacent to u. For basic notations and terminologies,
we refer [1].

In [2], Fajtlowicz defined the temperature of a
vertexu of a graph G as

T(U)= dg (u)

where |V(G)| = n.

The first temperature index of a graph was
introduced by Kisori et al in [3] and itis defined as
TG = [ Bw+T
wlBG( )

The second temperatureindex of a graph was
introduced by Kulli in [4] and it isdefined as

n&) =l QG

ullE (G)

The first hyper temperature indexofa graph was
introduced by Kulli in [5] and it is defined as

Hre )= [ Or(wk T,

uMlE (G)

The F-temperature index of a graph was introduced
by Kaulliin [5] andit is defined as

FIG) = [ Br)*+ TV,
ullE(G)

Recently, some temperature indices were studied in
[6,7,8,9,10,11, 12, 13, 14].

TheellipticSombor index was introduced by Gutman et al.
in[15]anditisdefined as

ESOG) = [1 (dg W) +dg (D)dg @) +dg 0
wE(G)

Ref.[15]wassoon followed by a series of publications [16,
17,18,19,20,21].

Wedefine the temperature elliptic Sombor index of
a graphas

TESO(G)= [ (r(u3 T(m/r(u)2+r(\2)
)

ullE (G

Considering temperature elliptic Sombor index of
agraph,wedefine temperature elliptic Sombor exponential ofa
graphas

TESO(G,x) = D x(r(ua T(RTW’+T (V)

udE(G)

Alsowe introduce the modified temperature elliptic
Somborindexof a graph as

nTESO(G) =[] : .
wlE (6)( 7 (Ud T (YYT(uP + T (V)
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Considering modified temperature elliptic Sombor index of a
graph, we define modified temperature elliptic Sombor
exponential of a graph as
1
mTESO(G,x) = D L (r(us T(WYT(uy+ T(\})'
uMlE (G)

In  this paper, the temperature elliptic =~ Sombor
indexandmodified temperature elliptic Sombor index for
somestandard graphs and HCsC, [p, ¢q] nanotubes are
determined. Also some properties of newly defined
temperature elliptic Sombor index are established.

I1I. RESULTS FOR SOME STANDARD GRAPHS

Proposition 1. Let G'be r-regular with n  vertices andr> 2.
Then

TESO(G) = N2n°
(n-)2

Proof: Let G be an r-regular graph with n vertices and » > 2
r

nr
and — edges. Then T(u) =
2 n-r

TESOG) = [] (r(u} T(m/T(u)MT(\?)

uvE (G)

_nr r+rﬁﬁrgg_gr
29, p—r n-—r n—r n—r
J 3
(n-)y2
Corollary 1.1. Let C, be a cycle with n> 3 vertices. Then

TESO(C,) _ 821
(n-2)

Corollary 1.2. Let K, be a complete graph with ~ n>3
vertices. Then

TESO(K, ) = J2n(n _1)*,

Proposition 2. Let G be r-regular with n vertices and > 2.
Then

2
nrESO(G) " =1
4\/51”
Proof: Let G bean r-regular graph with n vertices and » > 2
nr r
and — edges. Then T(u) =
2 n-r

mTESO (G} """ 1

P R

_ n(n-r)?

4\/51’

Corollary 2.1. Let Cn beacyclewith n> 3 vertices. Then

wrESO(C) _ ¢ =2)
n n2

8
Corollary 2.2. Let K, be a complete graph with  n>3

vertices. Then

n

"1Es0& )=t

ITII. PROPERTIES OF TEMPERATURE ELLIPTIC
SOMBOR INDEX

Theorem 1._Le}_ﬁ78e a)confgpg;eg (gtjjgz}ﬁ;,_lﬂlelnG )
NG

Proof: Forany two positive numbers a and b,
%(a +p)0Ja* +b*> D a+b.

Fora=Tu ) jﬁ};i b=T(v) , the above inequality becomes

%(T(u) ())DWD(T(M)+T(,)).
%(T(u)+T(z))ZI](T(M)+T(/)) WY AT )

0 (r(u)+7¢))

Bythedefinitions, we have

e (T(U+)T(\ﬁ
\/EuvDE(G

0 [ GudT))TW?+T(4)

ulE (G)

1 CrCud T
wlG( )
Thuswegetthe desired result.
Theorem 2. Let G be a connected graph. Then

%(FT(G) +276 )) TESO(G)

UFT(G) +2T£G ).
Proof: From Theorem 1, wehave

Lo GuT ()
\/?MVDE((y

0 (T ))TWr+T(¥)

ulE (G)
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0 g GudT)

ullE (G)
Thus
Lo Gy r(enamwrw )
\/Eung(G)
0 [0 (rCud TYYT(uP+T (%)
ulE(G)
n g s T(An2mwre) )
uvllE (G)

Thuswe get the desired result.
Theorem 3. Let G be a connected graph. Then

FT(G) TESO(G)[ JZFT(G) .

Equalityholds if and only if G is regular.
Proof: For any two positive numbers a and b,

%(a +b)|:| \/az +p> g +b.

Ja? +p* Da+b0y2ya*+b?
(@ +b*)0 (a +b)Wa® +b? . J2(a* +b*)

Usingthe above inequality and the definition of TESO, we
obtain

0 (rewey 7(9)

ulE(G)

0 O (Cud TYYT(uy+T (%)

ullE (G)
02 I:l (T(u?.,.T(\})
ullE (G)

Thuswe get the desired result.
Theorem 4. Let G be a connected graph with m edges. Then

TESO (G [HT,(G)FT(G).

Ijr@gb&gi)ng the Cauchy-Schwarzinequality, we obtain

= 0 GQudT)TW?+T1(4)

00 T(u)+T(¥))

w EG)

=1 (
=FTG ) +2Ty(G)

Thus we conclude that

TESOG )0 \/(FT(G) +2T(G)FT(G).

TO™ + T (v +2T)T(v) )

IV. RESULTSFOR HCC 7 jp,q | NANOTUBES
Inthis section, we consider HCsC; [p, ¢] nanotubes in which
p is the number of heptagons in the first row and ¢ rows of
pentagons repeated alternately. The 2-D lattice of HC;sC; [8,
4] nanotube is presented in Figure 1.

Figure 1. 2-D lattice of HC;C, [8, 4] nanotube

Let G be a graph of a nanotube HC;C; [p, ¢]. By calculation, G
has 4pq vertices and 6pg — p edges. Clearly, G has two types
of edges based on the degree of end vertices of each edge as
follows:

E1 = {uv [ E(G)| de(u)=2, do(v) = 3}, |E\| =

4p
E2 = {uv L E(G)| do(u)= do(v) = 3}, |Es| =

6pq — Sp.

Therefore, in TA[n], there are two types of edges based on
the temperature of end vertices of each edge as follows:

ullE (G)
> TE1={wi E(G) | T(u)= , T(v)=
2
0|0 GdT) O Bfrwr+T7(7Y
uE (G) u/lE (G) 4p.
3
= [HT\(G)FT(G). TE2=wvE(G )| TOF , T= —— ), |TE2|=
4pq—3 4pq—3
Thus TESO (G0 [HT,(G)FT(G). 6pq— 5p.
TheoremS. [ ot G be a connected graph with m edges. Then )
TESO(G) [ \/(t‘ T(G) + 212((1'))b 1 f; ). Theorem 6. Thetemperature elliptic Sombor  index of a
Proof: F ™ A N nanotube HCC 7 p,q lis
roof: From Theorem 4, we have TESOG) =
TESOG )
5 4,0 20pg-12 2
0|0 Gladtop g Brwr+Tg PHlapg- 3 tpg - 3)H H4pq 2f wq 3H
wgE(G) WwlE (G) -
g 3
We have +2/26( pq—Sp) .
H4pg—3 0
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Proof: Let G= HC;C; [p, q]. We have

TESO(Gx [ (r(ud T(YYT(u)+ T (¥)

ulE (G)

_,0 2 . 3 0@ 2 @0 3 [
Pl a2 " apg3 \4pa—21  d4be3 0

+6pg -5p)

0 3 ., 3 0@ 3 003 0O
H4pq—3 4pq—3H H4pq -3 00 0
|_|I:|24pr1—7. Dz
_. 0 20pg—12 00 o 3
=4p -2 =
- (4pq—2>(4pz}’)”9/ 20—

F2PT6 pg-s5pIi > 3 ﬁz

0 4pg—

Theorem 7. The temperature elliptic Sombor exponential of
ananotube HCsC, [p, ¢] is

20 pg —12

2 TO0 3
TESO(G,x) = 4B)ﬂ(4pq‘ 25(1%‘9%{@ 4pg-21] DD ﬁpq—ﬁﬂ

Ny BEL
+(6pq—5p)x Dapq .

Proof: Let G= HC;C; [p, q]. We have
TESO(Gx)= [] x{r(w TONT(F+T (V)

uvlE (G)

2 3 2 3 2
H 4 —2+ 4pg-3 4pg-2 +ﬁ 4pq_3n" .
=4px Pe

§3+3H\¢§3g+ﬁ39§5
"(6pq _5p)xtia34pa 3N 43 T Apa S

Bysimplifying the above equation, we obtain thedesired

result.

Theorem 8. Themodified temperature elliptic Sombor
index of a nanotube HCsC; [p, ¢] is
mTESO (G x
= ap
20pg —12

0 D\/[] > T 0.3 0
H te9~2 (;pq—3)H Hapg28 43
p

+

2&8 3 ﬁz

4pg—3

Proof: Let G = HC;C; [p, q]. We have

mTESO ( G

1
ung(G)(T(u-)- T(WYT(u)* + T (V)

- 4p
02 , 3 D\/I] 2 003 [
Hap2 " apg3 H\H 4pa2 8 a3 4
(6q->P)
03 , 3 IZI\/IZI S T o3[
Hapg-3 P 3\§4Pa3 g3
L4
0 20pg-12 D\)E 2 T 0.3 [
Bepa-2 bpg-D 42 d4he3

(6pg —5p)

2J§H > ﬁz

4pg—3

+

Theorem 9. The modified temperature elliptic Sombor
exponential of a nanotube HCC 7 p,q ] is

20pg-12 Oy 2 OO0 3
H(4pq‘ Z)(a Pﬁﬂ#ﬁ apq-20 " a3 HZD

2 2g
+(opq-50)x " an F°,

"TESOG,x )= 4px

Proof: Let G= HC;C;[p, q]. We have
1

mnTESO(G,x) = D X(T(uor(\)yr(u)u T(V)
uvlE (G)
1

2 3 H 2 3p
ﬁ‘lpq—ﬁpq 3 4pg-2 +ﬁ 4pq 0
=4px

1

§3+3H\¢§3ﬁz+ﬁ3g”5
4(6pq—5p)x 4pq=3 4pq3 N 4pg-3[ [ 4pa” 3 '

Bysimplifying the above equation, we get the desiredresult.

V. CONCLUSION

In this paper, wehave introduced the temperature elliptic
Sombor index, themodified temperature elliptic Sombor
index of a graph. Wehave computed these indices for some
standard graphs andHC;C, [p, q] nanotubes. Also we have

obtained some properties of the temperature elliptic Sombor
index.
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