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Let G (𝑝, 𝑞)  𝑏𝑒  𝑎 connected, undirected, simple and non-trivial graph with p vertices and q 

edges. Let f be an injective function f: V(G) → { 𝑠, 𝑠 + 𝑑 … . 𝑠 + (𝑞 + 1)𝑑} and g be an injective 

function g: E(G) → {𝑑, 2𝑑, … 2(𝑞 − 1)𝑑}.Then the graph G is said to be (s, d) magic labeling if 

𝑓(𝑢) + 𝑔(𝑢𝑣) + 𝑓(𝑣) is a constant, for all 𝑢, 𝑣 ∈ 𝑉(𝐺). A graph G is called (𝑠, 𝑑) magic 

graph  if it admits (𝑠, 𝑑) magic labeling. In this paper the existence of (s, d) magic labeling of 

subdivision on some special trees are found. 
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I. INTRODUCTION 

Labeling is the process of assigning values to the vertices, 

edges, or both of a graph under specific conditions. The 

concept was first introduced by Rosa (1967) and Graham and 

Sloane (1967) and gained prominence through its application 

in graph theory by 1980. Researchers have shown significant 

interest and enthusiasm in exploring graph labeling 

techniques. Joseph A. Gallian provides an extensive overview 

of the topic in his comprehensive discussions on graph 

labeling. Building on these foundational studies, this paper 

focuses on a specific type of labeling known as (S, d) magic 

labeling. It investigates and analyzes the applicability of (S, 

d) magic labeling to various subdivision graphs, 

demonstrating that these graphs inherently possess this 

labeling property. 

 

II. DEFINITIONS 

Definition 2.1 A subdivision of a graph G is a graph formed 

by subdividing edges of G.  Subdividing an edge e with end 

points 𝑢, 𝑣 results in a graph with one new vertex w and an 

edge set that replaces e with two new edges 𝑢𝑤 and 𝑤𝑣. 

Definition 2.2. A graph 𝑆(𝐺) is formed by inserting a new 

vertex into each edge of graph G. 

III. MAIN RESULT 

Theorem 3. 1: Subdivision on coconut tree is (S,d) magic 

graph 

Proof: 

Let G=𝑆(𝐶𝑇(𝑚, 𝑛)) be the subdivision on coconut tree. Let 

𝑢1 𝑢2, 𝑢3 … … 𝑢𝑚and 𝑣1 𝑣2, 𝑣3 … … 𝑣𝑛be subdivided by 𝑤1 

𝑤2, 𝑤3 … … 𝑤𝑚−1 and 𝑥1 𝑥2, 𝑥3 … … 𝑥𝑛 . 

Here 𝑝 = 2𝑚 + 2𝑛 − 1 and 𝑞 = 2(𝑚 + 𝑛 − 1) 

Define 𝑓: 𝑉(𝐺) → {𝑠, 𝑠 + 𝑑, 𝑠 + 2𝑑, … . 𝑠 + (𝑞 + 1)𝑑} to 

label the vertices as follows 

𝑓(𝑢𝑖+1) = 𝑠 + 2𝑖𝑑:0 ≤ 𝑖 ≤ 𝑚 − 1 

𝑓(𝑤𝑖+1) = 𝑠 + (2𝑖 + 1)𝑑:0 ≤ 𝑖 ≤ 𝑚 − 2 

𝑓(𝑥𝑖) = 𝑢𝑛 + 𝑖𝑑; 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑣𝑖) = 𝑥𝑛 + 𝑖𝑑; 1 ≤ 𝑖 ≤ 𝑛 

Define 𝑔: 𝐸(𝐺) → {𝑑, 2𝑑, 3𝑑, … .2(𝑞 − 1)𝑑} to label the 

edges as follows 

𝑔(𝑢𝑖𝑤𝑖) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑖 ) + 𝑓(𝑤𝑖): 1 ≤ 𝑖

≤ 𝑚 − 1 

𝑔(𝑤𝑖𝑢𝑖+1) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑤𝑖 ) + 𝑓(𝑢𝑖+1): 1 ≤ 𝑖

≤ 𝑚 − 1 

𝑔(𝑥𝑖𝑢𝑚) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑥𝑖 ) + 𝑓(𝑢𝑚): 1 ≤ 𝑖 ≤ 𝑛 

𝑔(𝑣𝑖𝑥𝑖) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑣𝑖 ) + 𝑓(𝑥𝑖): 1 ≤ 𝑖 ≤ 𝑛 

 

Labeling of Vertices of 𝑺(𝑪𝑻(𝒎, 𝒏)) 

Value of 𝑖 𝑓(𝑢𝑖+1) 𝑓(𝑤𝑖+1) 𝑓(𝑥𝑖) 𝑓(𝑣𝑖) 

0 ≤ 𝑖 ≤ 𝑚 − 1 𝑠 + 2𝑖𝑑 − − − 

0 ≤ 𝑖 ≤ 𝑚 − 2 − 𝑠 + (2𝑖 + 1)𝑑 − − 

1 ≤ 𝑖 ≤ 𝑛 − − 𝑢𝑛 + 𝑖𝑑 𝑥𝑛 + 𝑖𝑑 
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Labeling of edges of 𝑺(𝑪𝑻(𝒎, 𝒏)) 

Value of 𝑖 𝑔(𝑢𝑖𝑤𝑖) 𝑔(𝑤𝑖𝑢𝑖+1) 𝑔(𝑥𝑖𝑢𝑚) 𝑔(𝑣𝑖𝑥𝑖) 

1 ≤ 𝑖 ≤ 𝑚 − 1 2𝑠 + 2(𝑞 − 1)𝑑 

− (𝑓(𝑢𝑖 ) + 𝑓(𝑤𝑖) 

2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑤𝑖 ) + 𝑓(𝑢𝑖+1) 

− − 

1 ≤ 𝑖 ≤ 𝑛 − − 2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑥𝑖 ) + 𝑓(𝑢𝑚) 

2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑣𝑖 ) + 𝑓(𝑥𝑖) 

 

From the above table we find that 𝑓 𝑎𝑛𝑑 g are injective and 

(𝑢𝑖 ) + 𝑓(𝑤𝑖) +  𝑔(𝑢𝑖𝑤𝑖), 𝑓(𝑤𝑖 ) + 𝑓(𝑢𝑖+1) +  𝑔(𝑤𝑖𝑢𝑖+1) , 

𝑓(𝑥𝑖 ) + 𝑓(𝑢𝑚) +  𝑔(𝑥𝑖𝑢𝑚)  and 𝑓(𝑣𝑖 ) + 𝑓(𝑥𝑖) +

 𝑔(𝑣𝑖𝑥𝑖)are constant equal to 2(s+(q−1)𝑑) .Hence we 

concluded that the   𝑆(𝐶𝑇(𝑚, 𝑛)) admits (S,d) magic 

labeling. 

Example 3.1: Subdivision on coconut tree 𝑆(𝐶𝑇(5,6)) are 

shown below 

 

Figure 3.1: Subdivision on coconut tree 𝑺(𝑪𝑻(𝟓, 𝟔)) 

 

Theorem 3.2: Subdivision on symmetrical tree admits (S, d) 

magic labeling 

 Proof:  Let the vertices  𝑢0, 𝑢1 … … 𝑢𝑛 be subdivided 𝑤1 

𝑤2, 𝑤3 … … 𝑤𝑛 .let 𝑝 = 2𝑛+2 − 3 and 𝑞 = 2𝑛+2 − 4 

Define 𝑓: 𝑉(𝐺) → {𝑠, 𝑠 + 𝑑, 𝑠 + 2𝑑, … . 𝑠 + (𝑞 + 1)𝑑} to 

label the vertices as follows 

𝑓(𝑢0) = 𝑠 + 𝑑 

𝑓 (𝑢(2𝑗−1)+(𝑖−1)) = 𝑠 + (3(𝑗2 − 𝑗 + 1) + (𝑖 − 1))𝑑; 1 ≤ 𝑗

≤ 𝑛, 1 ≤ 𝑖 ≤ 2𝑗 

Let 𝑓(𝑤0)=𝑠 − 𝑑 

𝑓 (𝑤(2𝑗−1)+(𝑖−1)) = 𝑓(𝑤2𝑗−1 − 1) + 2𝑗𝑑 + (𝑖 − 1)𝑑;1 ≤

𝑗 ≤ 𝑛, 1 ≤ 𝑖 ≤ 2𝑗 

Define 𝑔: 𝐸(𝐺) → {𝑑, 2𝑑, 3𝑑, … .2(𝑞 − 1)𝑑} to label the 

edges as follows 

𝑔(𝑤𝑗𝑢𝑗) =  2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑤𝑗 ) + 𝑓(𝑢𝑗);  1 ≤ 𝑗 ≤ 𝑛 

𝑔(𝑢𝑖𝑤2𝑖+1) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑖 ) + 𝑓(𝑤2𝑖+1); 1 ≤

𝑖 ≤ 2𝑗 

𝑔(𝑢𝑖𝑤2(𝑖+1)) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑖 ) + 𝑓(𝑤2(𝑖+1)); 

1 ≤ 𝑖 ≤ 2𝑗 

 

 Labeling of Vertices of Subdivision on symmetrical tree 

Value of 𝑖 𝑓 (𝑢(2𝑗−1)+(𝑖−1)) 𝑓 (𝑤(2𝑗−1)+(𝑖−1)) 

1 ≤ 𝑗 ≤ 𝑛, 1 ≤ 𝑖 ≤ 2𝑗 𝑠 + (3(𝑗2 − 𝑗 + 1) + (𝑖 − 1))𝑑 𝑓(𝑤2𝑗−1 − 1) + 2𝑗𝑑 + (𝑖 − 1)𝑑 
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  Labeling of Edges of Subdivision on symmetrical tree 

Value of 𝑖 𝑔(𝑤𝑗𝑢𝑗) 𝑔(𝑢𝑖𝑤2𝑖+1) 𝑔(𝑢𝑖𝑤2(𝑖+1)) 

1 ≤ 𝑗 ≤ 𝑛 2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑤𝑗 ) + 𝑓(𝑢𝑗) 

− − 

1 ≤ 𝑖 ≤ 2𝑗 − 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑖 )

+ 𝑓(𝑤2𝑖+1) 

2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑖 )

+ 𝑓(𝑤2(𝑖+1)) 

 

From the above table we find that 𝑓 𝑎𝑛𝑑 g are injective and 

𝑓(𝑤𝑗 ) + 𝑓(𝑢𝑗) +  𝑔(𝑤𝑗𝑢𝑗), 𝑓(𝑢𝑖 ) + 𝑓(𝑤2𝑖+1) +

 𝑔(𝑢𝑖𝑤2𝑖+1) and 𝑓(𝑢𝑖 ) + 𝑓(𝑤2(𝑖+1)) +  𝑔(𝑢𝑖𝑤2(𝑖+1))  are 

constant equal to 2(s+(q−1)𝑑) .Hence we concluded that the  

subdivision on symmetrical tree admits (S,d) magic labeling. 

Example 3.2: Subdivision on Symmetrical tree is shown 

below 

 
Figure 3.2: Subdivision on Symmetrical tree 

 

Theorem 3.3: Subdivision on Regular bamboo tree admits 

(s,d) magic labeling 

Proof: let 𝑢0be a central vertex and let  the vertices be  

{𝑢𝑗
𝑖; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚} ∪{𝑤𝑗

𝑖 ; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚}∪ 

{𝑦𝑘
𝑖 ; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑙} ∪{𝑥𝑘

𝑖 ; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑙} 

let 𝑝 = 𝑘(2(𝑛 + 𝑚)) + 1 and 𝑞 =  𝑘(2(𝑛 + 𝑚)) 

Define 𝑓: 𝑉(𝐺) → {𝑠, 𝑠 + 𝑑, 𝑠 + 2𝑑, … . 𝑠 + (𝑞 + 1)𝑑} to 

label the vertices as follows 

𝑓(𝑢0) = 𝑠 

𝑓(𝑢𝑗
𝑖)= 𝑠 + (𝑛 + 2𝑛(𝑖 − 1) + 𝑗)𝑑; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑓(𝑤𝑗
𝑖)= 𝑠 + (1 + 2𝑛(𝑖 − 1) + (𝑗 − 1))𝑑; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤

𝑗 ≤ 𝑚 

𝑓(𝑥𝑘
𝑖 )= 𝑠 + (2𝑛𝑚 + 𝑖 + (𝑖 − 1)(𝑙 − 1) + (𝑘 − 1))𝑑; 1 ≤

𝑖 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑙 

𝑓(𝑦𝑘
𝑖 )= 𝑠 + (𝑛(2𝑚 + 𝑙) + 𝑖 + (𝑖 − 1)(𝑙 − 1) + (𝑘 −

1))𝑑; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑙 

Define 𝑔: 𝐸(𝐺) → {𝑑, 2𝑑, 3𝑑, … .2(𝑞 − 1)𝑑} to label the 

edges as follows 

𝑔(𝑢𝑗
𝑖𝑤𝑗

𝑖)=2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑗
𝑖) + 𝑓(𝑤𝑗

𝑖);  1 ≤ 𝑖 ≤

𝑛, 1 ≤ 𝑗 ≤ 𝑚 

𝑔(𝑢𝑗
𝑖𝑤𝑗

𝑖+1)=2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑗
𝑖) + 𝑓(𝑤𝑗

𝑖);  1 ≤ 𝑖 ≤

𝑛 − 1,1 ≤ 𝑗 ≤ 𝑚 

𝑔(𝑢0𝑤𝑗
1)=2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢0) + 𝑓(𝑤𝑗

1);  𝑖 = 1,1 ≤

𝑗 ≤ 𝑚 

𝑔(𝑢𝑗
𝑛𝑥𝑘

𝑖 )=2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢𝑗
𝑛) + 𝑓(𝑥𝑘

𝑖 );  1 ≤ 𝑖 ≤ 𝑛 −

1,1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑙 

𝑔(𝑥𝑘
𝑗
𝑦𝑘

𝑗
)=2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑥𝑘

𝑗
) + 𝑓(𝑦𝑘

𝑗
);  1 ≤ 𝑘 ≤

𝑙, 1 ≤ 𝑗 ≤ 𝑚 

 

Labeling of Vertices of Subdivision on Regular Bamboo tree 

𝑓(𝑢0) = 𝑠 

Value of 𝑖, 𝑗&𝑘 𝑓(𝑢𝑗
𝑖) 𝑓(𝑤𝑗

𝑖) 𝑓(𝑥𝑘
𝑖 ) 𝑓(𝑦𝑘

𝑖 ) 

1 ≤ 𝑖 ≤ 𝑛, 

1 ≤ 𝑗 ≤ 𝑚 

𝑠

+ (𝑛 + 2𝑛(𝑖 − 1)

+ 𝑗)𝑑 

𝑠

+ (1 + 2𝑛(𝑖 − 1)

+ (𝑗 − 1))𝑑 

− − 

1 ≤ 𝑖 ≤ 𝑛, 

1 ≤ 𝑘 ≤ 𝑙 

 

− − 𝑠

+ (2𝑛𝑚 + 𝑖

+ (𝑖 − 1)(𝑙 − 1)

+ (𝑘 − 1))𝑑 

𝑠

+ (𝑛(2𝑚 + 𝑙) + 𝑖

+ (𝑖 − 1)(𝑙 − 1)

+ (𝑘 − 1))𝑑 
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Labeling of Edges of Subdivision on Regular Bamboo tree 

Value of 𝑖, 𝑗 

&𝑘 

𝑔(𝑢𝑗
𝑖𝑤𝑗

𝑖) 𝑔(𝑢𝑗
𝑖𝑤𝑗

𝑖+1) 𝑔(𝑢0𝑤𝑗
1) 𝑔(𝑢𝑗

𝑛𝑥𝑘
𝑖 ) 𝑔(𝑥𝑘

𝑗
𝑦𝑘

𝑗
) 

 1 ≤ 𝑖 ≤ 𝑛, 

1 ≤ 𝑗 ≤ 𝑚 

2𝑠

+ 2(𝑞 − 1)𝑑

− (𝑓(𝑢𝑗
𝑖)

+ 𝑓(𝑤𝑗
𝑖) 

− − − − 

  1 ≤ 𝑖

≤ 𝑛 − 1, 

1 ≤ 𝑗 ≤ 𝑚 

 

− 2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑢𝑗
𝑖)

+ 𝑓(𝑤𝑗
𝑖) 

− − − 

𝑖 = 1, 

1 ≤ 𝑗 ≤ 𝑚 

 

− − 2𝑠

+ 2(𝑞 − 1)𝑑

− (𝑓(𝑢0)

+ 𝑓(𝑤𝑗
1) 

− − 

  1 ≤ 𝑖

≤ 𝑛 − 1, 

1 ≤ 𝑗 ≤ 𝑚,  

1 ≤ 𝑘 ≤ 𝑙 

 

− − − 2𝑠

+ 2(𝑞 − 1)𝑑

− (𝑓(𝑢𝑗
𝑛)

+ 𝑓(𝑥𝑘
𝑖 ) 

− 

 1 ≤ 𝑘 ≤ 𝑙, 

1 ≤ 𝑗 ≤ 𝑚 

− − − − 2𝑠

+ 2(𝑞 − 1)𝑑

− (𝑓(𝑥𝑘
𝑗
)

+ 𝑓(𝑦𝑘
𝑗
) 

 

From the above table we find that 𝑓 𝑎𝑛𝑑 g are injective 

𝑓(𝑢𝑗
𝑖) + 𝑓(𝑤𝑗

𝑖) 𝑔(𝑢𝑗
𝑖𝑤𝑗

𝑖) 

𝑓(𝑢𝑗
𝑖) + 𝑓(𝑤𝑗

𝑖) + 𝑔(𝑢𝑗
𝑖𝑤𝑗

𝑖+1), 𝑓(𝑢0) + 𝑓(𝑤𝑗
1) +

𝑔(𝑢0𝑤𝑗
1),(𝑓(𝑢𝑗

𝑛) + 𝑓(𝑥𝑘
𝑖 ) + 𝑔(𝑢𝑗

𝑛𝑥𝑘
𝑖 ),𝑓(𝑥𝑘

𝑗
) + 𝑓(𝑦𝑘

𝑗
) +

𝑔(𝑥𝑘
𝑗
𝑦𝑘

𝑗
)  are constant equal to 2(𝑠 + (𝑞 − 1)𝑑) .Hence we 

concluded that the subdivision on regular bamboo tree admits 

(S,d) magic labeling. 

Example 3.3: Subdivision on Regular bamboo tree is shown 

below 

 
Figure 3.3: Subdivision on Regular bamboo tree 

 

Theorem 3.4: Subdivision on olive tree 𝑆(𝑂𝑛) admits (S,d) 

magic labeling 

Proof Let 𝑂𝑛 be the olive tree having n paths of length 1, 2…. 

n adjoined at on vertex 𝑢0 
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Let the edges of olive tree is subdivided by 𝑤𝑖
𝑘 ;1≤𝑖 ≤ 𝑛, 1 ≤

𝑘 ≤ 𝑛 

let 𝑝 = 𝑛(𝑛 + 1) + 1 and 𝑞 = 𝑛(𝑛 + 1) 

Define 𝑓: 𝑉(𝐺) → {𝑠, 𝑠 + 𝑑, 𝑠 + 2𝑑, … . 𝑠 + (𝑞 + 1)𝑑} to 

label the vertices as follows 

𝑓(𝑢0) = 𝑠 

𝑓(𝑤𝑖
𝑘)= 𝑠 + 𝑖𝑑; 1 ≤ 𝑖 ≤ 𝑛, 𝑘 = 1 

𝑓(𝑢𝑖
𝑘)= 𝑓(𝑤𝑖

𝑘) + 𝑛𝑑; 1 ≤ 𝑖 ≤ 𝑛, 𝑘 = 1 

𝑓(𝑤𝑖
𝑘)= 𝑠 + (∑ 2(𝑛 − 𝑗) + 𝑖)𝑘−2

𝑗=0 𝑑; 1 ≤ 𝑖 ≤ 𝑛 − (𝑘 −

1),2 ≤ 𝑘 ≤ 𝑛 

𝑓(𝑢𝑖
𝑘)= 𝑓(𝑤𝑖

𝑘) + 𝑛𝑑; 1 ≤ 𝑖 ≤ 𝑛 − (𝑘 − 1),2 ≤ 𝑘 ≤ 𝑛 

Define 𝑔: 𝐸(𝐺) → {𝑑, 2𝑑, 3𝑑, … .2(𝑞 − 1)𝑑} to label the 

edges as follows 

𝑔(𝑢0𝑤𝑖
1) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢0) + 𝑓(𝑤𝑖

1); 1 ≤ 𝑖 ≤ 𝑛 

𝑔(𝑤𝑖
𝑘𝑢𝑖

𝑘) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑤𝑖
𝑘) + 𝑓(𝑢𝑖

𝑘); 1 ≤ 𝑘

≤ 𝑛; 1 ≤ 𝑖 ≤ 𝑛 − (𝑘 − 1) 

𝑔(𝑤𝑖
𝑘+1𝑢𝑖

𝑘) = 2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑤𝑖
𝑘+1) + 𝑓(𝑢𝑖

𝑘); 1

≤ 𝑘 ≤ 𝑛 − 1; 1 ≤ 𝑖 ≤ 𝑛 − 𝑘 

 

Labeling of Vertices of Subdivision on olive tree 𝑆(𝑂𝑛) 

Value of 𝑖 &𝑘 𝑓(𝑤𝑖
𝑘) 𝑓(𝑢𝑖

𝑘) 𝑓(𝑤𝑖
𝑘) 𝑓(𝑢𝑖

𝑘) 

1 ≤ 𝑖 ≤ 𝑛, 𝑘 = 1 𝑠 + 𝑖𝑑 𝑓(𝑤𝑖
𝑘) + 𝑛𝑑   

1 ≤ 𝑖

≤ 𝑛 − (𝑘 − 1),2

≤ 𝑘 ≤ 𝑛 

     𝑠

+ (∑ 2(𝑛 − 𝑗)

𝑘−2

𝑗=0

+ 𝑖) 𝑑 

𝑓(𝑤𝑖
𝑘) + 𝑛𝑑 

 

Labeling of edges of Subdivision on olive tree 𝑆(𝑂𝑛) 

 𝑔(𝑢0𝑤𝑖
1) 𝑔(𝑤𝑖

𝑘𝑢𝑖
𝑘) 𝑔(𝑤𝑖

𝑘+1𝑢𝑖
𝑘) 

1 ≤ 𝑖 ≤ 𝑛 2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑢0)

+ 𝑓(𝑤𝑖
1) 

− − 

    1 ≤ 𝑘 ≤ 𝑛; 

   1 ≤ 𝑖 ≤ 𝑛 − (𝑘 − 1) 

− 2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑤𝑖
𝑘) + 𝑓(𝑢𝑖

𝑘) 

− 

1 ≤ 𝑖 ≤ 𝑛 − 1; 

    1 ≤ 𝑖 ≤ 𝑛 − 𝑘 

 

− − 2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑤𝑖
𝑘+1) + 𝑓(𝑢𝑖

𝑘) 

 

From the above table we find that 𝑓 𝑎𝑛𝑑 g are injective 

(𝑓(𝑢0) + 𝑓(𝑤𝑖
1) + 𝑔(𝑢0𝑤𝑖

1) 

𝑓(𝑤𝑖
𝑘) + 𝑓(𝑢𝑖

𝑘) + 𝑔(𝑤𝑖
𝑘𝑢𝑖

𝑘), 𝑓(𝑤𝑖
𝑘+1) + 𝑓(𝑢𝑖

𝑘) +

𝑔(𝑤𝑖
𝑘+1𝑢𝑖

𝑘) )   are constant equal to 2(𝑠 + (𝑞 − 1)𝑑) .Hence 

we concluded that the subdivision on olive tree admits (S,d) 

magic labeling 

Example 3.4: Subdivision on olive tree 𝑆(𝑂𝑛) is shown below 
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Figure 3.4: Subdivision on olive tree 𝑺(𝑶𝟒) 

 

Theorem 3.5: Subdivision on spider graph SP (1𝑛2𝑚) admits 

(S,d) magic labeling 

Proof: Let 𝐺 = SP (1𝑛2𝑚) .let the edges of spider graph 

be{𝑢𝑣1, 𝑢𝑣2, … . 𝑢𝑣𝑛,𝑢𝑤1,𝑢𝑤2, … 𝑢𝑤𝑚,𝑤𝑥1,𝑤𝑥2, … 𝑤𝑥𝑚},sub

divided by {𝑙𝑖 , 𝑡𝑗 , 𝑦𝑗  ; 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚}. 

Let  𝑝 = 4𝑚 + 2𝑛 + 1, 𝑞 = 4𝑚 + 2𝑛 

Define 𝑓: 𝑉(𝐺) → {𝑠, 𝑠 + 𝑑, 𝑠 + 2𝑑, … . 𝑠 + (𝑞 + 1)𝑑} to 

label the vertices as follows 

𝑓(𝑢) = 𝑠 

𝑓(𝑡𝑗) = 𝑠 + 𝑗𝑑; 1 ≤ 𝑗 ≤ 𝑚 

𝑓(𝑦𝑗) = 𝑓(𝑣𝑛) + 𝑗𝑑; 1 ≤ 𝑗 ≤ 𝑚 

𝑓(𝑥𝑗) = 𝑓(𝑦𝑚) + 𝑗𝑑; 1 ≤ 𝑗 ≤ 𝑚 

𝑓(𝑣𝑖) = 𝑓(𝑤𝑚) + 𝑖𝑑; 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑙𝑖) = 𝑓(𝑡𝑚) + 𝑖𝑑; 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑤𝑗) = 𝑓(𝑙𝑛) + 𝑗𝑑; 1 ≤ 𝑗 ≤ 𝑚 

Define 𝑔: 𝐸(𝐺) → {𝑑, 2𝑑, 3𝑑, … .2(𝑞 − 1)𝑑} to label the 

edges as follows 

𝑔(𝑢𝑙𝑖) =2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢) + 𝑓(𝑙𝑖));1≤𝑖 ≤ 𝑛 

𝑔(𝑢𝑡𝑗) =2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑢) + 𝑓(𝑡𝑗));1≤𝑗 ≤ 𝑚 

𝑔((𝑙𝑖𝑣𝑖) =  2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑙𝑖) + 𝑓(𝑣𝑖));1≤𝑖 ≤ 𝑛 

𝑔((𝑡𝑗𝑤𝑗) =  2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑡𝑗) + 𝑓(𝑤𝑗));1≤𝑗 ≤ 𝑚 

𝑔((𝑤𝑗𝑦𝑗) =  2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑦𝑗) + 𝑓(𝑤𝑗));1≤𝑗 ≤ 𝑚 

𝑔((𝑦𝑗𝑥𝑗) =  2𝑠 + 2(𝑞 − 1)𝑑 − (𝑓(𝑦𝑗) + 𝑓(𝑥𝑗));1≤𝑗 ≤ 𝑚 

 

Labeling of vertices of Subdivision on Spider graph 

𝑓(𝑢) = 𝑠 

Value of i 𝑓(𝑡𝑗) 𝑓(𝑦𝑗) 𝑓(𝑥𝑗) 𝑓(𝑣𝑖) 𝑓(𝑙𝑖) 𝑓(𝑤𝑗) 

1 ≤ 𝑖 ≤ 𝑛 − − − 𝑓(𝑤𝑚) + 𝑖𝑑 𝑓(𝑡𝑚) + 𝑖𝑑 − 

  1 ≤ 𝑗 ≤ 𝑚 𝑠 + 𝑗𝑑 𝑓(𝑣𝑛) + 𝑗𝑑 𝑓(𝑦𝑚) + 𝑗𝑑 − − 𝑓(𝑙𝑛) + 𝑗𝑑 

 

Labeling of vertices of Subdivision on Spider graph 

Value of i 𝑔(𝑢𝑙𝑖) 𝑔(𝑙𝑖𝑣𝑖)  

1≤𝑖 ≤ 𝑛 

 

2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑢) + 𝑓(𝑙𝑖)) 

2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑙𝑖) + 𝑓(𝑣𝑖)) 

− − 

Value of j 𝑔((𝑡𝑗𝑤𝑗) 𝑔((𝑤𝑗𝑥𝑗) 𝑔((𝑤𝑗𝑦𝑗) 𝑔(𝑢𝑡𝑗) 

1≤𝑖 ≤ 𝑚 

 

2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑡𝑗) + 𝑓(𝑤𝑗)) 

2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑦𝑗) + 𝑓(𝑥𝑗)) 

2𝑠 + 2(𝑞 − 1)𝑑

− (𝑓(𝑦𝑗) + 𝑓(𝑤𝑗)) 

2𝑠 + 

2(𝑞 − 1)𝑑

− (𝑓(𝑢) + 𝑓(𝑡𝑗)) 
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From the above table we find that 𝑓 𝑎𝑛𝑑 g are injective 

(𝑓(𝑢) + 𝑓(𝑙𝑖) +  𝑔(𝑢𝑙𝑖), 𝑓(𝑢) + 𝑓(𝑡𝑗)+ 𝑔(𝑢𝑡𝑗), 𝑓(𝑙𝑖) +

𝑓(𝑣𝑖) +  𝑔(𝑙𝑖𝑣𝑖), (𝑓(𝑡𝑗) + 𝑓(𝑤𝑗) +  𝑔(𝑡𝑗𝑤𝑗), 𝑓(𝑥𝑗) +

𝑓(𝑤𝑗) +  𝑔(𝑤𝑗𝑥𝑗), 𝑓(𝑦𝑗) + 𝑓(𝑤𝑗) +  𝑔(𝑤𝑗𝑦𝑗) are constant 

equal to 2(𝑠 + (𝑞 − 1)𝑑) .Hence we concluded that the 

subdivision on  spider graph admits (S,d) magic labeling. 

Example 3.5: Subdivision on spider graph is shown below 

 

Figure 3.5: Subdivision on spider graph SP (𝟏𝟑𝟐𝟑) 

 

IV. CONCLUSION 

 This study explored and confirmed the existence of (S, d) 

magic labeling in the subdivisions of specific types of trees, 

including coconut trees, symmetrical trees, regular bamboo 

trees, olive trees, and spider graphs. Moving forward, the 

research will focus on extending this concept to other graph 

families and uncovering potential applications. 
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