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Let G (p,q) be a connected, undirected, simple and non-trivial graph with p vertices and q
edges. Let f be an injective function f: V(G) = {s,s + d ....s + (¢ + 1)d} and g be an injective

function g: E(G) - {d, 2d, ... 2(q — 1)d}.Then the graph G is said to be (s, d) magic labeling if
f@) + g(uv) + f(v) is a constant, for all u,v € V(G). A graph G is called (s,d) magic
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graph if it admits (s, d) magic labeling. In this paper the existence of (s, d) magic labeling of
subdivision on some special trees are found.
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I. INTRODUCTION

Labeling is the process of assigning values to the vertices,
edges, or both of a graph under specific conditions. The
concept was first introduced by Rosa (1967) and Graham and
Sloane (1967) and gained prominence through its application
in graph theory by 1980. Researchers have shown significant
interest and enthusiasm in exploring graph labeling
techniques. Joseph A. Gallian provides an extensive overview
of the topic in his comprehensive discussions on graph
labeling. Building on these foundational studies, this paper
focuses on a specific type of labeling known as (S, d) magic
labeling. It investigates and analyzes the applicability of (S,
d) magic labeling to various subdivision graphs,
demonstrating that these graphs inherently possess this
labeling property.

I1. DEFINITIONS

Definition 2.1 A subdivision of a graph G is a graph formed
by subdividing edges of G. Subdividing an edge e with end
points u, v results in a graph with one new vertex w and an
edge set that replaces e with two new edges uw and wv.
Definition 2.2. A graph S(G) is formed by inserting a new
vertex into each edge of graph G.

II1. MAIN RESULT

Theorem 3. 1: Subdivision on coconut tree is (S,d) magic
graph

Proof:

Let G=S(CT (m,n)) be the subdivision on coconut tree. Let
ugpand vy v,,v3 v,be subdivided by wy

Wy, _q1 and X4 X, X3
Herep=2m+2n—1landg=2(m+n-1)

Define f:V(G) = {s,s+d,s+2d,...s + (g + 1)d}
label the vertices as follows

flujp) =s+2id0<i<m-1

fwi ) =s+Ri+1Dd:0<i<m-2

fx)=u, +id;1<i<n
fw)=x,+id;1<i<n

Define g:E(G) — {d,2d,3d,....2(q — 1)d} to label the
edges as follows

gluw) =2s+2(q—Dd — (f(w) + fw):1<i

to

<m-1
gWiup) =25 +2(q — Dd — (f W) + fuq): 1 <
<m-1

gxiuy) =25 +2(q-1Dd - (f(xi) + flup):1<i<n
gwix)) =2s+2(q—-1Dd— () +f(x):1<i<n

Labeling of Vertices of S(CT (m, n))

Value of i f(uits) f Wi1) fx) fw)
0<i<m-1 s+ 2id - - —
0<i<m-2 - s+ Qi+ 1)d - -

1<i<n - - u, +id X, +id
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Labeling of edges of S(CT (m, n))
Value of i guwy) gwitigy) g (Oum) gwix)
1<is<m-1 2s+2(q — 1)d 2s+2(q — 1)d — —
= () + f(wy) = (Fw) + f(wipr)
1<i<n — 2s+2(q—1)d 2s+2(q—1)d
- () +fwn) | )+ &)

From the above table we find that f and g are injective and
() + fw) + gluwy), fFwy) + fuier) + gWiug)
fGa) + fum) + g(xium) and  f(v;) + f(x) +

g(;x;)are constant equal to 2(st(q—1)d) .Hence we

concluded that the
labeling.

Example 3.1: Subdivision on coconut tree S (CT(5,6)) are
shown below

S(CT(m,n)) admits (S,d) magic

Figure 3.1: Subdivision on coconut tree S (C T(5, 6))

Theorem 3.2: Subdivision on symmetrical tree admits (S, d)
magic labeling

Proof: Let the vertices ug, Uq ... ... u, be subdivided w,
Wy, W3 ... ... wpletp = 22 — 3 and g = 2"*% — 4

Define f:V(G) » {s,s+d,s+2d,...s + (g +1)d} to
label the vertices as follows

flug) =s+d

f(Y@inegon) =5+ BE —j+ D+ (- D) 1<)
<nl1<i<?2/
Let f(wg)=s — d

f (w(zj_1)+(i_1)) =f(wyjmr — 1)+ 2/d + (i — Dd;1 <
j<n1<i<?2/

Define g:E(G) - {d,2d,3d, ....2(q — 1)d} to label the
edges as follows

g(wjuj) = 2s+2(q—1d - (f(w]-) +f(uj); 1<j<n
guwsiy1) =25 +2(q — Dd — (f(w;) + f(wyiye); 1<
i<2/

9wy isny) = 25+ 2(q — Dd — (F () + f(Wagen));
1<i<?2/

Labeling of Vertices of Subdivision on symmetrical tree

Value of i

f (u(zf—1)+(i—1))

f (W(zf—1)+(i—1))

1<j<n1<i<2)

s+(BG2—j+D+({—-1))d

f(wyj-1—1)+2/d + (i — 1)d
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Labeling of Edges of Subdivision on symmetrical tree
Value of i g(wjuj) gWiwyi41) g(uiWZ(Hl))
1<j<n 2s+2(qg—1)d - -
= (Fw) + f(w)
1<i<?2/ — 2s+2(q—1Dd—(f(w) | 2s+2(q—1d - (f(w;)
+ f(Wai41) + f(Wz(i+1))

From the above table we find that f and g are injective and
Flw;) + fw) + glww), f @) + fWaip) +
gu;wy41) and f(u;) + f(WZ(i+1)) + g(uiwz(i+1)) are

constant equal to 2(s+(q—1)d) .Hence we concluded that the
subdivision on symmetrical tree admits (S,d) magic labeling.
Example 3.2: Subdivision on Symmetrical tree is shown
below

s+9d s+10d

Figure 3.2: Subdivision on Symmetrical tree

Theorem 3.3: Subdivision on Regular bamboo tree admits
(s,d) magic labeling

Proof: let uybe a central vertex and let
fuj1<i<ni<j<m} uwh1<i<nl<j<mu
yhl<i<nl<k<QJu{xil<i<nl<k<l}
letp =k(2(n+m))+1land g = k(2(n + m))

Define f:V(G) »{s,s+d,s+2d,...s+(q+1)d} to
label the vertices as follows

f(uo) =s

f(u})=s+(n+2n(i—1)+j)d;1SiSn,l <j<m

the vertices be

fwhH= s+@+2n(i-D+(G-Dd;1<i<snls<
jsm
fxh)= s+@um+i+G—-1DI-1)+(k-1)d;1<

isnl<k<l

fyo)= s+mCm+D+i+(-DU-1)+ (k-
Md;1<i<nl<k<l

Define g:E(G) — {d,2d,3d,....2(q — 1)d} to label the
edges as follows

g(u}w})=25 +2(q—1)d — (f(u}) + f(wji); 1<i<
nl<j<m

g(u}w}+1)=25 +2(qg—1)d - (f(u}) + f(w}); 1<i<
n—11<j<m

guew)=2s + 2(q — d — (f(up) + f(W}); i = 1,1 <
jsm

gulxh)=2s +2(q — Dd — (fF(u) + f(xb); 1<i<n—
11<j<mi<k<l

9Cily=2s +2(g = Dd = (F(&x) + fO) 1 <k <
L1<j<m

Labeling of Vertices of Subdivision on Regular Bamboo tree
flup) =s
Value of i, j&k f@) fw) f(x) fO)
1<i<n, S S — -
1<j<m +(n+2ni-1) +@+2n(i-1)
+))d +( - 1)d
1<i<n, - - s s
1<k<l + (2nm+i +mCm+D+i
+-1DI-1) +@-1DU-1
+ (k—1))d + (k—1))d
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)

Labeling of Edges of Subdivision on Regular Bamboo tree

Value of i, j guw/™)

&k

gwjwy)

guow}) gtz | g(xly))

2s -
<m +2(q — 1)d
— (f(u)

+ f(w))
— 2s+2(q — 1)d

- (f()

+f(w)

2s - -
+2(q —1)d
— (f (o)

+ f(w}

+2(qg—1)d
- (fH
+ f ()

2s

+2(qg —1)d
- (Fe)

+ 1)

From the above table we find that f and g are injective
) + £ (w)) 9(jw))
() + F(w)) + g (wjw™), £ (wo) + f(w}) +

concluded that the subdivision on regular bamboo tree admits
(S,d) magic labeling.
Example 3.3: Subdivision on Regular bamboo tree is shown

; ) : : below
1 n i n,.i J J
g(uow}),(F (W) + £ (xie) + g xi).f (x0) + F() +
g(xjly]) are constant equal to 2(s + (q — 1)d) .Hence we
v
\’M\ /. s+31d
s+4d s+7d s+10d s+13d s+16d ss19d  s22d 47
1 5 2 23
U 2 w 2 uj 4 V. As425d
s9d Wi os3d ' a4 Wi o4d 1354w 20d
L 2 . * ‘ L 4
& :
s+d L
wi vi
: ,\Qb X @ 5+32d
o
¢,
Pt ;
57d 51d 45d 39d 33d  27d
. @ . o 54234
ui w} u w3 uj V2 uj \ ¥
s45d s+8d si11d s+14d s+17d +20d %, 5+28d 2
Sy \‘ s+34d
s+35d
3 &N
Xy
10 _#5+29d
N
55d . agd ® 43d _ 31 PY 31d 25d Iz
w2 %7 bt
i Ui wi 5 wi U3 \®\ 5+30d
5+9d s+12d s+15d s+18d

s+21d siad ¢ 3
2 5+36d
k%

3
y2

Figure 3.3: Subdivision on Regular bamboo tree

Theorem 3.4: Subdivision on olive tree S(0,,) admits (S,d)
magic labeling

Proof Let O,, be the olive tree having n paths of length 1, 2....
n adjoined at on vertex u,
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Let the edges of olive tree is subdivided by wf ;1<i <n,1 <
k<n

letp=n(n+1)+1landg=nn+1)

Define f:V(G) - {s,s +d,s+2d,....s + (¢ + 1)d}
label the vertices as follows

flug) =s

fwhH=s+id;1<i<nk=1
fUhH=fwWh)+nd;1<i<nk=1

to

fWhH=fwWh)+nd;1<i<n—-(k—-1)2<k<n

Define g:E(G) - {d,2d,3d, ....2(q — 1)d} to label the

edges as follows

gluewi) =25 +2(q = Dd — (f(uo) + f(wi ;1< i<n

g(whkuf) =25 +2(q - Dd - (F(wf) + f(u); 1 <k
<ml<isn—(k—-1)

g(wi* ) = 25 +2(g = Dd = (F(w™) + f(w) 1
<ksn—-1;1<i<n-—-k

fwk)= s+t 2m-p+id1<isn-— (k-
D2<k<n
Labeling of Vertices of Subdivision on olive tree S(0,,)
Value of i &k fwh) f(ub) fwf f(ub)
1<i<nk=1 s+id f(wk) +nd
1<i s f(wf) +nd
<n-(k-1)2 k=2
<k<n +(22(n—1)
j=0
+i)d
Labeling of edges of Subdivision on olive tree S(0,,)
g(uow! g(wfuf g(wi*tuf)
1<i<n 2s+2(q — 1)d — —
— (f(wo)
+fwi)
1<k<n — 2s+2(q—1)d —
1<i<n—(k—1) = (W) + F(uf)
1<i<n-1; - - 2s+2(q—1d
1<i<n—k = (F(Wi*) + £ (uf)

From the above table we find that f and g are injective
(f (wo) + f(Wi) + g(uowi)

FWi) + £ (uff) + g(wiud), F(wi*) + £ (uf) +
g(wk*'uf) ) are constant equal to 2(s + (q — 1)d) .Hence

we concluded that the subdivision on olive tree admits (S,d)
magic labeling
Example 3.4: Subdivision on olive tree S(0,,) is shown below
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3 s+4d s+8d

26d

uj

u3 s+14d

s+15d

6d w3 s+16d
U%. 2d
s+17d 3 s+20d
u3

3d

wi @
s+18d

d

4
s+19d 1 ‘

Figure 3.4: Subdivision on olive tree $(0,)

fw)=fw,) +id;1<i<n
f)=ftp)+id;1<i<n

flw) =f) +jd1<j<m

Define g:E(G) — {d,2d,3d,....2(q — 1)d} to label the
edges as follows

gul)=2s+2(q—Dd - () +fU))lsi<n
gut)) =2s +2(q — Dd — (f @) + f(t;) 15/ < m
g(v) = 2s+2(q—Dd - (fU) + f(w));1si <n
g((tjw;) = 25+ 2(q — 1)d — (f(tj) + f(wj));lfj <m
g(wiy) = 25 +2(q = Dd = (f(y) + fF(w))lg <m
9(x) = 2s+2(g— Dd — (f(y;) + f(x)slsi <m

Theorem 3.5: Subdivision on spider graph SP (1"2™) admits
(S,d) magic labeling

Proof: Let G = SP (1™2™) .let the edges of spider graph
be{uvy, uv, ... UV UW; UW; ... UWpy, WXy WXy ... WXy SUD
divided by {l;,t;,y;;1<i<n1<j<mj}

Let p=4m+2n+1,q=4m+2n

Define f:V(G) »{s,s+d,s+2d,...s+(q+1)d} to
label the vertices as follows

fw=s

flt)=s+jd1<j<m

fO))=fl) +jdi1<j<m

flg) =fOm) +jd1<j<m

Labeling of vertices of Subdivision on Spider graph
f@=s
Value of i f(t) () f(x) f@) f) f(w)
1<i<n - - - fwy) +id f(ty) +id -
l<sjsm s +jd f)tjd | fOm)+jd - - fly) +jd
Labeling of vertices of Subdivision on Spider graph
Value of i guly) glivy)
I<i<n 2s+2(q —1)d 2s+2(q — 1)d - -
- (f@ + f) - (fU) +f(w)
Value of'j g((tjwy) g((w;x;) g((w;y)) g(ut;)
Isi<m 2s+2(q — 1)d 2s+2(q — 1)d 2s+2(q — 1)d 2s +
RUCEIIUN) —GO)+f() | —FG)+fw) | 2G-Dd
- (f@+f(4)
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From the above table we find that f and g are injective
F@+fU) + gul), f@) +f(4)+ gut), fU)+
f) + givy), () + F(w;) + g&ywp), f (%) +
f(wj) + g(wjxj),f(yj) + f(wj) + g(wjy;) are constant

v, s+12d

equal to 2(s+ (q —1)d) .Hence we concluded that the
subdivision on spider graph admits (S,d) magic labeling.
Example 3.5: Subdivision on spider graph is shown below

.vl s+10d
10d d
s+15d s+18d
Y1
X
12d s+14d 3d s+17d
Y
¥z ?
s+13d = s+16d
b ?2

Figure 3.5: Subdivision on spider graph SP (1323)

IV. CONCLUSION

This study explored and confirmed the existence of (S, d)
magic labeling in the subdivisions of specific types of trees,
including coconut trees, symmetrical trees, regular bamboo
trees, olive trees, and spider graphs. Moving forward, the
research will focus on extending this concept to other graph
families and uncovering potential applications.
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