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Abstract

Recently, B. C. Berndt and Ors Rebdk have obtained several evalua-
tions of cubic theta function [7]. Motivated by their work, in this article
we present several evaluations of quintic theta function identities.
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1 Introduction

The Ramanujan cubic theta function, also known as the Borwein’s cubic theta
function [I1], is defined by

m2 mn n2
alg)= Y, ¢" gl <1

m,n=—00

Recently, B. C. Berndt and Ors Rebék [7] obtained several evaluations of

= 2 (m2+mn+n2)
q
a(q2) m,nz::—oo

S02(q) i qm2+n2 )
where p(q) = > g™, one of the Ramanujan’s theta function. For example

n=—0o0
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For a detailed study on cubic theta function, one may refer [9] [, 10} [12].

The quintic theta function as(q) is defined by
o
Z quQ—l-an—i-Zin2 )
n,m=—o0

By employing the famous Ramanujan’s 17); summation formula, A. Berkovick
and H. Yesilyurt [2] have deduced

n 0 n qn
- )L
()G L0
where <ﬁ> is a Legendre symbol for details see [14] p. 485-486]. Recently, K.

n
R. Vasuki and P. Nagendra [I§], have shown that

as(q) = o(*)e(q") + 4¢° V(¢ ) (™), (1.1)

where ¢(q) and 9 (¢q) are Ramanujan theta functions, defined by

-y

n=—oo

and
o
n(n+1)
e E q 2 .
n=0

Motivated by the works of Berndt and Rebdk [7], in this paper we evaluate

GS(QI/Q)

©*(q)
for ¢ = e™", where n € {1,224 91 L L L L L Further, we also
evaluate

a5(q1/2)

©*(q°)
for ¢ = e7™" where n € {1 2,%,3 % 4, ;11 5, % 9,%}.

2 Preliminary Results

As usual for any complex numbers a and ¢, let

(a;q)oc := IO_OI (1 —ag"), gl <1,

n=0
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Ramanujan defined his generalized theta function f(a,b) in Chapter 16 of his
second notebook [17] by

fla,b) := Z anw;rl)bn(n;)7 lab] < 1.

n=—oo

From the Jacobi’s triple product identity, we have
fla,b) = (—a; ab)oo(—b; ab)os (ab; ab)o.

On the same page, Ramanujan also defined the following three special cases
of f(a,b) as follows:

[e.9]

o(@) = Ffla.0) = Y ¢ = (450" )
o 3\ - n(n+1)/2 _ m
¥(q) = fla,¢%) ;q TN
and -
F(=0) == f(=¢,—¢") = D> (=1)"¢"®" = (g; ).

Ramanujan also defines

X(=0) = (¢ 6*)oo-
In the unorganized portion of the second notebook [0, p. 183], Ramanujan
defined the following two class invariants G,, and g, by

Gy = 27117 x(q) (2.1)
and
gn =271 x (=), (2:2)
where ¢ = e(_”‘/ﬁ), n is a positive rational number. From [6, p. 187], we have
1
(3G (G5 = 03) = (23)
and
gan = \%gnGn (24)
We define, f(—q")=f, for positive integer n. It is easy to see that
f3 f3 f fifs f3
q) = 759> q) = —, —q)= |, ¢_q:_a fq:_7
A7 A A A Y7
2
x(—q) == and x(q) = >
(=) f @) fifa
(2.5)

In our proof, we require the following known results:
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Theorem 2.1. For g = 6_2W\/§, let

__»lq)
gy = 7 o) (2.6)
Then
Tndim =1, (2.7)
Jy =1, (2.8)
Jy = \/6—4\/§+3\/3—2\/1_0, (2.9)
Ji2 = \/2\/1_o+3\/5—4\/§—6, (2.10)

1

Js = §\/2\/3—2, (2.11)
1

Jijs = 5\/2\/S+2, (2.12)

\/34+14\/_—8\/29+13\/_—\/30+14\/_—8 29 +13v5

)= 5 . (2.13)
; \/34+14\/5—8 29+13\/5+\/30+14\/5—8 29+ 13v/5
1/4 — )
2
(2.14)
Js =1/5—2V5, (2.15)
5425
Jyp = ~— T2 2.16
1/5 \/5 ( )
1 3 5—1+V3
9:(+\/_)f V3) (2.17)
2
" V- 1) (VG- 3)
3—1 5—+v3
Jij9 = ( (2 : (2.18)
For a proof, see [13].
Theorem 2.2. We have
1
G =27 (V5-1)° (2.19)
and )
(V- vE)
G :(2+\/S)4 VoT VO 2.20
5/9 \/5 ( )
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For a proof, see [I].

Theorem 2.3. We have

G10Gs)2 = (3 +2\/1_0> Z ; (2.21)
GiaoGlsja = %\/(11 +5V5 ) (11 +5vV5 ) (2.22)
G5/4_% <<11+5\/_ \/ 4+\/11+5\/_>
1 (2.23)
X (—3 (11+5¢S>‘1‘ + (11+5\/5>Z +a>4,
G20:<(11+5\/_ \/ A+ 11+5\/_>2
1 (2.24)
x( (11+5\/5) +(11+5x/_) )
Gy =27 <3+\/_>*1‘ ((f+2) (5\/'— )) (2.25)
and
Gro =27 (3+ Jl_o)é ((V5+2) (5v2- )) (2.26)
where
a= \/16+ \/11+5V5 (—3+ \/11+5¢5)2.
For a proof, see [16].
Theorem 2.4. We have
InGajm = 1, (2.27)
gao=(1+x/3)214[2+\/5+\/10+5\/5r=g;/{,, (2.28)
and
(2+\/3+ \/10+5\/§>g
g5 = — = 9u5- (2.29)
(1+v5)™

For a proof, see [3].
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Theorem 2.5. We have

Gn = Gim, (2.30)
Gy=1, (2.31)
Gy = (1 +2ﬁ) - (2.32)
Gps = 24 (1 +2‘/5> ' , (2.33)
Gos = ! +2‘/5, (2.34)
Gis = (2+ \/5)‘1‘ (%) 3 (2.35)
and A
gio = (1 +2\/§> : (2.36)
For a proof, see [0].
1/2
3 Evaluation of %
v*(q)

Theorem 3.1. If n is a positive rational number then

4 (ﬁ : ) i

1
1+ ) |
2 <e_7r\/% > V5 ( 2(9n/595n)*(GrysGsn)?t
Proof. From (1.1]), we have

as(q"/?) _ 1
e*a) ¥ (q)
Using ([2.5) to simplify the above, we obtain
as(a"?) _ (@) (|, 4o x*(—a)x*(=¢")
©*(a)  »la)

(el@e(@®) + a2 u(a®)(™) ).

Setting ¢ = ¢=™V% in the above expression, and employing (2.1)), (2.2)), (2.4),
(2.6) and (2.7), we obtain the required result. O
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Corollary 3.1. We have

i () 4+ (5ot

p(eF) 45

Proof. Setting n = 1 in Theorem 3.1, we obtain

@:i<1+ ! ) (3.1)

02 (e;\/g> V5 2(91/595)*(G1/5G5)*

Using ([2.30) and (2.32)) to compute

o (3445

1
By setting n = R and n = 5 in (2.3) and then solve for g,/5 and gs. We get

g%/f)gg = 2G4

N

1
1 1
oy (e yariy
2!

1
1/ 2G5 3+5))
(3.3)
Substituting the values from (3.2)), (3.3, and (2.8]) into (3.1), we obtain the
required result. O
Corollary 3.2. We have
as (70 ) (14v2) (VVE-2) (VIO -2)
©? <e_”\/% ) N V5 .
Proof. Setting n = 2 in Theorem 3.1, we obtain
as <6\;T% ) J 1
/o — 2 <1+ 2 4). (3.4)
o2 <€—7r\/g> \/3 2(92/5910) (G2/5G1o)
Using (2.21) and (2.30) . We get
3+ 10
63561, = 1), (35)
By setting n = 10 in g,g4/» = 1 and using (2.36). We obtain
V5 -1
92/5 = 5

6399
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and hence

93/59%0 =L (3.6)
Substituting the values from , , and into , we obtain the
required result. O]

Corollary 3.3. We have

as (e M) (\/5—1)(\/\/5+2)(1+\/2\/1_0—6>
¢ (o) v |
1

Proof. Setting n = 3 in Theorem 3.1, we obtain

as (672\"@ ) B J (1 N 1 ) (3 7)
02 (67%> V5 2(91/1095/2)*(Gryn0Gsp2)t ) - |
Using ([2.21)) and ({ . We get
34410
G2/5Gilo = % (3:8)

5 1
By setting n = 3 and n = 0 in and then solve for g5/, and g;/19. Then

on rationalising we get

2(91/1095/2)2(G2/5G10)4 =2t (\/1_0 a 3>Z <G510 + V G%A/llo -1 >
X ( 5/2 74/ Gg?lz )

W=

9%/109?/2 =Y\ 2v10—6. (3.9)
Substituting the values from (3.8)), (3.9), and (2.9)) into (3.7), we obtain the
required result. O

Corollary 3.4. We have

a (Vi ) V5 + 1
¢2(€_ﬂ\/§>:(4f—¢§+¢6) T

Proof. Setting n = 3 in Theorem 3.1, we obtain

s (V5 ) _ s (1+ ! ) (3.10)

02 <e_7r 2 > V5 2(93/5915)2(G3/5G15)4
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Using ([2.19) and ( - ) to compute

Gy5Gls = 4. (3.11)

3
By setting n = s and n = 15 in (2.3) and solve for g2 /5 and g?5 then using

[£:27). We get

Y T <G%§+ G%é—l)“ VB+3

0 gl =
e 2G§/5 2G1; 2\/_
(3.12)
Substituting the values from (3.11)), (3.12), and (2.12]) into (3.10]), we obtain
the required result. O
Corollary 3.5. We have
as (6 2\/5 > 1
SV Y PN ROV R R )
(p <e ﬁ) \/5
. 1. .
Proof. Setting n = 3 in Theorem 3.1, we obtain
as (6_ 2\7/rﬁ > J 1
— =23 (1+ ; 4>. (3.13)
P2 ((ﬁ) V5 2(91/1595/3) (G1/15G5/3)
Using @19, @3 and @3 to compte
1 5
By setting n = B and n = 3 in (2.3) and then solve for g,/15 and g5/3. We
get
; ;

s G1/15 \/ G%/lm -1 G5/3 \/ G%% V5 -3
91/1595/3 = =45 B/
/1595/ 26 15 2G4 4 22

(3.15)
Substituting the values from ({ - -, and (| into (| -, we obtain
the required result. O

Corollary 3.6. We have

as(e*%) (\/34+14\/‘ 8v/29 + 13v/5 +\/30+14\/_—8 29+13\/5)

@ () V5

x (2<1+\/5>2—(1+\/5>g).
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Proof. Setting n = 4 in Theorem 3.1, we obtain

4 (e_ﬁ > i

1
N\ L+ : 3.16
P2 (.{ﬁ) V5 < 2(94/5920)2(G4/5G20)4> ( )
Using (2.22)) we get
y w254+ 64511 +5V5

Using ([2.28) and (2.29). We obtain

92/5950 =\V1+ V5. (3.18)

Substituting the values from (3.17)), (3.18), and (2.14]) into (3.16)), we obtain

the required result. O
Corollary 3.7. We have

as (5&) <\/34+14\/_—8\/29+13\/_—\/30+14\/_—8m>

902 <€7ﬁ> B 4%

7
1

x (2+2(1+\/5) —<1+\/5)2).

1
Proof. Setting n = 1 in Theorem 3.1, we obtain

M _ N <1 n 1 ) . (3.19)

02 ((fﬁ) V5 2(91/2095/4)*(G1/20G5/4)*

Using (2.22) and (2.30]) we get

.o 2v5 46 + V5V 11 + 55
. 1 5 .
By setting n = 20 and n = 1 in (2.3) and then solve for g/20 and g5,4. We
get
: :
2 3 G = /Gl — 1 G+ /Gala— 1 (3.21)
91/2095/4 = . .
207 2G 129 2G5,

Substituting the values from (2.23) and (2.24) into the above expression, and
then substituting the values from (3.20)), (3.21), and (2.13]) into (3.19)), we

obtain the required result. O
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Corollary 3.8. We have

M = <\/§+ (V5-2) (161+12 (6\/_— 360+161\/5))}1>

©? (eT)
y 2++5
5 )

Proof. Setting n = 5 in Theorem 3.1, we obtain

%5 (e%ﬁ > s

1
= 1+ . 3.22
2o = % (1 smraay) (822)
Using ([2.31)) and - to compute
7+3v5

By setting n = 1 and n = 25 in (2.3 and then solve for g; and ge5. We get

P <Gi2—\/G ) <G5§+\/G3§ )
19425 —

2G1 2GH,

N

((1+\/_ +\/1+\/_ —224)

2 2

= 3.24
Substituting the values from - -, and (| into -, we obtain
the required result. O

Corollary 3.9. We have

% <f+(\f )(161+12(6f+m))i>
(2)

1
Proof. Setting n = R in Theorem 3.1, we obtain

M _ (1 N 1 ) . (3.25)

p? (e?) V5 2(g1/2591)*(G1/25G1)*
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Using (2:30), (2:31) and (233) to compute
7+3V5

GG = —

(3.26)

1
By setting n = 5% and n = 1in (2.3)) and then solve for g; /95 and g;. We get

1
1 1
G325 1/ G%/l% (Gi2 —/G¥* -1 > *
2

2 2
9172591 =
/ 2G5 Gi

((14—\/3)12—\/(14—\/5)24—224)1

2 2
— 3.27

9172591 12 (1+\/—) ( )
Substituting the values from ({ - -, and (| into (| -, we obtain
the required result. O

Corollary 3.10. We have

as (¢35 ) (934 (a- V@16 ) (b VI —T6)* (V5 - 2)*

A H) Vs (143 ) (V53 ’

where a:(2+\/3)3(\/_—\/§)4 and b:(2+\/3)3(\/3+\/§)4.

Proof. Setting n = 9 in Theorem 3.1, we obtain

_ 3m
s <e e ) iy

1
- = 14 . 3.28
P2 <€7377r5> V5 ( 2(99/5945)2(G9/5G45)4) ( )
Using (2.20), (2.30) and (2.35) we get
Go/sGls = 9+ 4V5. (3.29)

9
By setting n = R and n = 45 in (2.3) and then solve for gg/5 and g45. We get

2 9
99/5945 =
/ 2Gy ) 2G4;

12

Substituting the values from (2.20)) and (2.35] into the above expression, and

then substituting the values from (3.29), (3.30), and (2.18]) into (3.28]), we
obtain the required result. O
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Corollary 3.11. We have

Njw

() (24l Vo) s VT ) (V5 -2)

(o) Viv5 (V3 1) (V5 1 V3 |

where a:(2+\/5)3(\/_—\/§)4 and b:(2+\/5)3(\/5+\/§)4.

Proof. Setting n = — in Theorem 3.1, we obtain

s (6_‘;75 ) _ <1+ 1 ) (3.31)

@2 (e‘ﬁ) V5 2(91/4595/9)* (G1/45G'59)*

Nel i

Using (2:20), (2:30) and (2:35) to compute

. 1 5 .
By setting n = YT and n = g in (2.3) and then solve for g/45 and gs/9. We
get
: :
9 9 G%%s - G?/Zs -1 Gé% - G?;lg -1 (3 33)
917459579 = :
1157 2G“11/45 2G§/9

Substituting the values from ([2.20]) and (2.35)) into the above expression, and
then substituting the values from (3.32), (3.33), and (2.17)) into (2.31]), we

obtain the required result. O

1/2
as (C] / )
2( 5
»*(q°)
Theorem 4.1. If n is a positive rational number then

(V5

4 Evaluation of

1
SN Y (1 n ) .
02 (e—” on ) 2(gn/595n)2(Gn/5G5n>4
Proof. From ((1.1)), we have
as(¢'?) 1

2~ 7 (Ped) + 10l
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Using ([2.5) to simplify the above, we obtain

as(q'?) _ (@) [ 4a2x*(—a)x*(=¢")
(@°) el '

Setting q = e™™V3 in the above, and employing (2.1)), (2.2), (2.4), (2.6) and
O

(2.7]), we obtain the required result.

Corollary 4.1. We have

o ()
—— 2 =5

1 ;
# (o) MTENE

Corollary 4.2. We have
% V5 (V2-1) (\/\/5+2) (Vio-2).

Corollary 4.3. We have

%%(\/%rl) (\/E) (1+ 2\/1_0—6>.

Corollary 4.4. We have

(V3

902 (e—ﬁ\/ﬁ )

N R PN R AL RS

Corollary 4.5. We have

as (0 ) 5
;%7ﬁ%ﬁ@ﬂ+@+ﬁ)—§i3

Corollary 4.6. We have

a5<e—%> €/5<\/34+14f—8\/29+13\/5—\/30+14\/5—8 29+13\/5)

S02(6727r\/5) 4
x (2(1+x/3)2—(1+x/5)2>.
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Corollary 4.7. We have

a5<e—ﬁ> (‘/5(\/344—14\/5—8 29+13\/5+\/30+14\/5—8 29+13\/5)
=5

ey B
x <2+2(1+\/5)4—<1+\/5)4).

Corollary 4.8. We have

a;((eei? = <\/§ +(v5-2) (161 +12 (6\/5 — /360 + 1615 )) i)

(247,

Corollary 4.9. We have
a;};i? = <\/§+ (V5-2) (161 +12 (6\/5+ V/360 + 1615 >> i)

y VE+2
V2 '
Corollary 4.10. We have

as (7% ) :<%<1+¢§)<¢5—¢5)>

902 (6—37“@ ) 2

(1 (am)i(bm)i(ﬁz)i)
x | 1+ 7
2v2

where a=(2+v5)" (V5—v3)" and b=(2+v5)" (V5+v3)".
Corollary 4.11. We have

%(e*)(@ﬁw(ﬁm))

o (=B 2

¢ ()

22
where a:(2+\/5)3(\/5—\/§)4 and b:(2+\/5)3(\/5—|—\/§)4.

x (H <a+m>i<b+M>i<ﬁzﬁ)
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Proceeding with the same steps as in Corollaries (3.1)—(3.11)) the proof of corol-
lary (4.1)—(4.11)) follows.
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