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1. INTRODUCTION
Metrical fixed point theory is one of major branch of research in non-linear analysis. Banach [5] contraction principle is the main
pillar of metrical fixed point theory which states that “Every contraction map on a complete metric space has a unique fixed point.”
Many authors proved fixed point theorems in various spaces see ([1-3], [10-15]).
To get new fixed point results in 2012, Amini Harandi [3] introduced metric-like space.
Definition 1.1. [3] Amapping d : X X X — R* where X is a nonempty set, is said to be metric-like on X if for any x,y,z € X,
the following three conditions hold true:
() dxy) =0=x =y
(i) d(x,y) = d(y,x);
(i) d(x,z) < d(x,y) + d(,2).
The pair (X, d) is then called a metric-like (dislocated) space.
Definition 1.2. [3] Consider a metric like space (X, d).
1. If for the sequence (x,) in X lim,,; ,,_,0od (xy,, X;,,) €Xists and finite then it is said to be Cauchy.
2. Ifevery Cauchy sequence (x,) in X converges to some x € X then (X, d) is said to be complete, that is lim,,_,.d(x, x,) =
d(x,x) = limy, ,0d (X, Xm).
3. Letusconsideraselfmap T : (X,d) — (X, d), if for any sequence (x,) in X such that d(x, x,,) = d(x,x) as n — oo, we
have d(Tx, Tx,) = d(x,x) as n — oo, then the map is continuous.
Wardowski [4] established the concept of E-contraction as follows.
Definition 1.3. [4] A collection of functions E € F mapping from [0, ) into (—oo, +0) has the following conditions:
(€;) E is strictly increasing; that is, V1, u € [0,00) such thatn < W E(n) < E(W).
(€,) For each sequence {1, },en of [0, ), rllljrc}o N, =0 1112130 E(m,) = —oo.
(€5) Forevery k € (0,1), lim n*E(,) = 0.
Definition 1.4. [4] A self-map T on X is called an E —contraction if 3 E € F and b > 0 such that Vx,y € X,
d(Tx,Ty) > 0 gives b + E(d(Tx,Ty)) < E(d(x,y)).
Edelstein [7] demonstrated a version of the following theorem in 1962.

Theorem 1.5. [7] Consider a self-map T on X. Assume that d(Tx,Ty) < d(x,y)istrueVx,y € X withx # y.
Then T has a unique fixed point.
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Suzuki, in 2008 [14], showed that Edelstein’s conclusions could be generalized in a compact metric space.

Theorem 1.6. Let T be a self-map on a compact metric space X. Assume that d(Tx, Ty) < d(x,y)istrueVx,y € X withx # v,

%d(x, Tx) < d(x,y) = d(Tx,Ty) < d(x,y).

Then T has a unique fixed point in X.

Wardowski [4] demonstrated a version of the following theorem in 2012.

Theorem 1.7. Consider an E-contractive self-map T on a complete metric space X. Then, we have the following:

1. T has a unique fixed point y in X

2.Forall x € X, the sequence {T™(x)} is convergent to y in X.

Secelean [12] demonstrated the following lemma.

Lemma 1.8. Consider an increasing mapping E : R* — R and a sequence {1, }s=; of R*. Then the following conditions hold:
1. Ifrlli_r)rol0 E(n,) = —oo. then 7li_r){)lonn =0;

2. Ifinfimum(E) = —oo, and lim 7,, = 0, then lim E(7,) = —oo.
n—-oo n—-oo

Secelean established that the condition (€,) in Definition 1.3 may be retrieved by establishing Lemma 1.8, and Hossan Piri and
Poom Kumam [10] demonstrated that the condition (€;) in Definition 1.3 may be retrieved by a condition that is comparable but
simpler.

Definition 1.9. [10] The set of all functions E : R* — R fulfils the following:

(€)) E is strictly increasing; thatis, V ,u € R* suchthatn < y, E(n) < E(n).

(€',) Infimum (E) = —oo. (or)

(€",) There exists a sequence {n,}m=; of R* such that zll,r?o E(n) = —oo.

(€'3) E is continuous on R*.

Example 1.10. [10] Let £, () = —%,Ez () = _%+ n,Ey(n) = 1en .Then E,,E,, E; € F.

-
Definition 1.11. [10] Let T be a self-map on a metric space (X, d), which is known as orbitally continuous on X if Tlll_{glo Thn(x) =
y = lim Tn(x) = Ty.
Let T be a self-map on X.
We denote Fix(T) = {x: Tx = xVx € X}.
Definition 1.12. [11] Consider a self-map T on X and a mapping a : X X X = [0,); then T is a-admissible if x,y € X,
a(x,y) =2 1 = a(Tx,Ty) = 1.
Definition 1.13. [9] Let T be a self-map on X and consider a mappinga : X X X — (—o0,+400). Then T is triangular a-admissible
if
La(xy) =21 = a(Tx,Ty) = 1;
2.a(x, )= L,anda(l,y) = 1 = alx,y) = 1
forall x,y,11 € X.
Example 1.14. LetT : [0,00) — [0,0)anda : [0,00) X [0,00) — (—o00,+00) definedbyTx = In(1 + x) Vx € [0, ) and
14+ xifx = vy;
axy) = { 0, lee 7
Then, by Definition 1.12
a(x,y) 21 = a(Tx,Ty) =2 1Vx = yanda(x,y) = a(y,x)Vx = y.
Definition 1.15. [8] Let X be a non-void set and let T be an a-admissible map on X.
Then, T has the following condition:
(H) ifeach x,y € Fix(Q),31 € T such that a(x,11) = 1and a(y, 1) = 1.
Definition 1.16. [13] Let X be a non-void set and let T be an @ —admissible map on X. Then T
is a* — admissible if Vx,y € Fix(Q) # @, we have a(x,y) = 1.
If Fix(Q) = @, we say that T is vacuously a* — admissible.
Some authors, such as Alsulami ez al. [20], Khan et al. [24], and others, have used the idea above without its nomenclature
concerning the uniqueness of the fixed point.
Example 1.17. Define T : [0,00) = [0,0) and «: [0,00) X [0,00) = (—00,+) by Tx = 1 + xVx € [0,00) and
a(x,y) = {em_y) ifx=zy
0, else
Then, T is @ —admissible.
Here, T is vacuously a* — admissible because Q has no fixed point; that is, Fix(T) = Q.
Definition 1.18. [15] We say that a self-map T on X is an @ — E —contraction if a function
a: X X X - [0,00)existsand E € F such that
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d(Tx,Ty) > 0 = b + E(a(x,y)d(Tx, Ty)) < E(d(x, y)),v x,y € X.
Theorem 1.19. [15] Let (X, d) be a complete metric space and T : X = X be an a« — E —contraction, the subsequent assertion hold:

(1) T is a — admissible;
(i1) Ix, € X suchthat a(xy, Tx,) = 1.
(1ii) T is continuous or orbitally continuous on X.

Then, the point I € X is a fixed point of T
Moreover, if T is a* —admissible, then the point I € X is a unique fixed point of T. Furthermore, for every x, € X if x;,; =
T"lx, # Tx,, V1 = 0, then lim T'x, = 1II.

n—-oo

Definition 1.20. [15] A self-map T on X is called an @ — E —Suzuki contraction if b > 0 exists such that V x,y € X with Tx # Ty

%d(x, Tx) < d(x,y) = b+ E(a(x,y)d(Qx,Qy)) < E(d(x,y))

Where E € F.

Theorem 1.21. [15] Let (X, d) be a complete metric spaceand T : X = X be an « — E —Suzuki contraction, the subsequent assertion
hold:

@) T is a — admissible;
(i1) Ix, € X suchthat a(xy, Tx,) = 1.
(iii) T is continuous or orbitally continuous on T. A

Then, the point I € X is a fixed point of IA. Moreover, if IA is @* —admissible, then the point Il € X is a unique fixed point of IA.
Furthermore, for every x, € X if x;,; = H!*1xy # KAx;, VI > 0, then lim Klx, =1L
n—-oo

Now, we are ready to define generalized @ — E —contractions and prove related fixed point theorems.

2. MAIN RESULTS
In this section of the paper, we define the class of generalized @ — E —contractions.
Definition 2.1. We define that a self-map IA on metric-like space X is a generalized @ — E-contraction if a functiona : X X X —
[0,0) existsand E € F,b > 0 such thatll]
HIADGHY) > 0 = b + E(a(B,y)b(AD, Ky)) < E(M(D,y)), 2.1)
Where M(8,y) = (H(5, ), h(5, ), b(y, By)}LV &,y € .
Lemma 2.2. Suppose A is a generalized a — E —contractive mapping on metric-like space (), h), the below situations holds:
(i) I is ¢ — admissible;
(ii) 3180y € Ws.t a(By, ADy) = 1.
Also, construct a sequence {O;} € &) by &;4; = AT1H, = IAD, VI € N U {0}.
Then, a(&y, &;41) > 1,V1 = 0 and E(H(D;, 1AD)) = E(a (D1, 5D, D)) < E(H(D, HAD,)) — Ib.
Proof. Let &, € (). It follows that a (FAD,, &) = 1, and we construct a sequence {O;} by &, = K10, = KO, VI € N U {0}.
By Definition 1.12, we get
a(Dg, 1) = a(Dg, AD) = 1 = a(dy, Dy) = a(IAdy, AZH,) > 1.
Consequently, we got inductively that a (&, &;44) > 1, V [ = 0.
Letd; # Oy ¥V L=0.
Soh(B;,Bipq) >0, V 1=0.
Using the condition & and a (&g, &;) = 1 by equation (2.1), we get
E(b(az, (33)) = E(h(l—A(SL H'\az))
< E(a(Dy, B)h(HAD,, HAD,))
<E(M(5,,83,))—b (2.2)
where
M(Gy, B;) = max{h(By, &), (O, AE,), (O, AG,)},
= max{h(By, B2), h(B1, B2), h(Dz, B3)}.
Now, if possible, suppose that H(%4, B,) < H(H,, B3).
Then, equation (2.2) becomes
E(5(B2, 53)) < E(H(Bz, B3)).
A contradiction.
Thus,
H(5,, B3) < DBy, By).
Again, by equation (2.1), we have
E(b(g)s' 64)) = E(h(h"\az: 17"\(’53))
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< E(a(Dy, O3)h(HAD,, D3))
<E(M(D,,83))—b (2.3)
where
M(5,, B3) = max{h(By, B3), h(D2, E,), (B3, AD3)),
= max{h(Oz, B3), H(D2, B3), H(B3, B4}

Now, if possible, suppose that H(Hq, B,) < H(H,, B3).
Then, equation (2.3) becomes
E(H(D3,54)) < E(h(53, 54)).
A contradiction.
Thus,
H(D3, B4) < H(D2, Bs).
Through the use of this approach, we are able to demonstrate inductively that EA has a sequence that is strictly non-increasing
{H(Sy, Br41)} in W.
Theorem 2.3. Let ((),h) be a complete metric-like space and FA: () = () be a generalized @ — E —contraction, the subsequent
assertion hold:

1. I is a — admissible;

2. 33, € ®suchthat a(By, AS) = 1;

3. a(B,0) =1, forallb € W);

4. A is continuous or orbitally continuous on ().
Then, the point I € (1) is a fixed point of IA.
Moreover, if KA is a@* —admissible, then the point I € (1) is a unique fixed point of FA. Furthermore, for every &, € ) if &;,1 =
AY1G, # O, VI = 0, then lim KA!D, = 1L

n—-oo

Proof: Let &, € ®) be such that a(Ad,, &) = 1 and construct a sequence {B;} by &y = AF1Gy = IAG, VI 2 0. 1f &) =
Oy +1, it follow that AG,, = &, for few I, = 0;50 &, in () is a fixed point of KA.,
Then, Let &; # &;,,V | = 0. Then, h(H;, &;41) >0V I =0.
Using Lemma 2.2, we get
a(B,6,,)>1 VvV 1= 0.
Then, a(&;, Op41) = a(HALDg, AT1S,) = 1V > 0.
According to d; and Definition 1.12
%b(al' M) = %b(az,azﬂ),
< BBy, By
Now, by equation (1), we get
E(H(By, B141)) = E(h(AD,—1, IAD,))
= E(a(B1-1, 5D (AL, 1, AD)))
< E(h(5-1,5))) — b (2.4)

Repeating this process, we get
E(h(HAB;-1, ]AD)) < E(H(D1-1,B))) — b

= E(h(mal—b I‘Aal—ﬂ) -b

= E(a (33 O1-1)D(AD;_5, AD;_1)) — b

< E(D(By—z, &1-1)) — 2b

= E(h(HAD,_3, 1AD,_,)) — 2b

= E(a(®;_3 0,_2)h(HAD,_3, AD,_,)) — 2b

< C[(h(al—s' 61—2)) —3b

< E(H(Dg, &y)) — Ib. (2.5)
By applying limit on every sides, we get
lim E(h(HAD,_, AD))) = —c. (2.6)
n—-oo
Therefore, by (d,) of Definition 2.3 with equation (2.6), we get
lllm h(IA(’Sl—ll IA(’SI) = O (27)
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By (d3) of Definition 2.3, 3k in (0,1) such that

1im (D1, 8111)) E(b(B1, B11)) = 0. 2.8)

Also, by equation (2.5), we have

[H(S,, 6z+1)]k[5(b(6z' 61+1)) - E(b(&m 61))] < —[h(&,, 5l+1)]klb <0 2.9)

Using [ — oo in the previous equation together with the two different equations (2.7) and (2.8), we have
}Lrgl[h(az. O] =0. (2.10)

Then, we will solve two different cases.
Case (i): Consider [ is a multiple of 2; by Equation (2.10), we get

llgg (&, Br40)]* = 0. (2.11)
Case(ii): Consider [ is not an multiple of 2; by Equation (2.10), we get

lim (L = D[H(B1, 1)1 = 0. (2.12)
By Equations (2.7) and (2.12), we have

lim U[h(&,, Br)]* = 0. (2.13)

From the previous equations we see that 3 [; € N such that
H(G, G <1V L.
Therefore, we have

5 o 1
b((,)l, (")l+1) < I vi= ll'
Lk

Further, we will shows that sequence {&;} is an Cauchy.
Now, Vp >r = [;, we have

b(ap: 67’) < h(a\)p’ a\)p—l) + h((’sp—l' (’Sp—z) + b((’sp—zr (’Sp—3) +eet b((’sr+1: ar)

< z b(&n: a\)n+1)
n=r

Taking limit r - oo, we get lim b(c'Sp, ('Sr) = 0, Since < Z,‘fzril is convergent if k < 1. This proves that sequence {3, } in @) is
proc nk

an Cauchy.

So () is complete, we will have 1T € () s.t.

llimb(H, O =L m = lilm H(By = B)) = 0. (2.14)
—00 m,l—>00

Since IA is continuous, from equation (2.14), we have

lim b (KAl &,,41) = HATLL KA. (2.15)
n—-oo

On the other hand, by Lemma 2.1.6 and equation (2.3.16), we have
lim h (KAl &,,41) = H(L, AlD. (2.16)
n—oo

On comparing equation (2.15) and (2.16), we get
h (AT TATD) = h(I, FAL).
If possible assume that
0 < h(lI, FALY) , then from equation (2.1), we get
E(b(IL FAD)) < b + E(a(ll, HH (AT, HAILD))
< E(M(1,1)) (2.17)
Where
M1, 1) = max {h(I, 1), (I, KA, h(I, FATD .
If possible, suppose that
(L, 1) < h(i, IAL).
Then, equation (2.17) implies that
E(n(il, FAI)) < E(h(Il, AID).
Which is a contradiction.
Thus,
0 = h(1, 1) > h(1, IAL).
Which implies that
h(t, KAl = 0.
Therefore, IA has a fixed point I in 9.
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Now, orbitally continuous on S Let KA is ; then &4, = AG; = A(IAG,) — Qltas [ — oo,
By the property of completeness, we say that
Al =11
Therefore, Fix(KA) # 0.
So, we assume that IA is a* —admissible; this will lead that V 1I, I € Fix(FA), we will get a(1l, I*) = 1. Therefore, h(FAll, All") =
h(i, 1) > 0. From (2.1), we obtain
d(b(, 1)) = q(b(ATL, IAT"))
= d(a(l, 1°)h (AL, L))
< q(M(,1)) - b.
Where
ML 1) = max{h (1, "), (I, IAL), H (11", IALT)}
= max{0,0, h(iI, 1*)}
Thus, above becomes
d(b(m 1)) < d(b, 1)) — b
Since b > 0, and using (d;), we have
p(I, ) < p(l, ).

Which contradicts by our assumption.
Therefore IA has a unique fixed point in ().
Definition 2.4. A self-map A on metric-like space ((0), h) is called a generalized @ — E —Suzuki contraction with condition b > 0
exists such that V x, y € (1) with IAD # Ky
~H(B,AB) < H(B,y) = b + E(a(®,y)h(HS, hy)) < E(M(5,)) (2.18)
Where M (x,y) = {b(5,y),5(5, Hx), h(y, AYy)}, VB,y € WandE € F.
Theorem 2.5. Let ((,h) be a complete metric-like space and IA: () = (1) be a generalized a — E —Suzuki contraction; the
subsequent assertion hold:

1. M is a — admissible;

2. 38y € W such that a(Hy, AD,) = 1;

3. a(®,8d) =1, foralld € W);

4. IA is continuous or orbitally continuous on ().
Then, the point Il € (1) is a fixed point of IA.
Moreover, if KA is a* —admissible, then the point It € () is a unique fixed point of FA. Furthermore, for every &, € () if &, =
Aty # G, VI = 0, then lim KA!O, = 1.

n—-oo
Proof: Let &g € @) be such that a(FAO,, &) = 1 and construct a sequence {&;} by &, = AI1H, = A, VI = 0.
If &;, = &y 41, it follows that IAG, ) = &, for some [, = 0; then &, in @) is a fixed point of IA.
Then, Let &; # &4,V 1= 0.
S0, H(Dy, Byeq) > 0V 1> 0.
Using Lemma 2.2, we will have
a(B,8,,1)>1 VvV I = 0.
Then,
(B, B11) = a(lAL Dy, IATIH,) = 1V > 0.
According to d; and Definition 2.4,
%5(61' M) = %b(g)l’ Ore1)
< BBy, By
Now, by equation (2.18), we get
E(Y)(Iﬁal' 17"\261)) = E(Q(Gl' HMO)H(IAS,, I-AZ(’T)l))
< E(M(&,H)) —b (2.19)
Where
M(&, G = (H(E, AE)), (O, AS), H(AS, H*5))}
If possible, assume that
H(O, G < HIAD, IA?5))
Then, equation (2.19), implies that
E(b(KAD, HA%0)) < E(h(IAG;, A?S)).

A contradiction.
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Thus, we get
E(h(IAD, 20)) < E(h(H;, HAD)) — b.
Repeating this process, we get
E(h(B,E)) = E(D(AG, -1, 1AB))
= E(a(®;_1, 5)H(AD_1, AD,))
< E(b((’sl—l' I'Aal—l)) -b
E(h(HAG, 5, AD, 1)) — b
= E(a(®—5, O1-1)D(AD;_5, AD;_1)) — b
< E(B(D1-p &y-1)) — 2b
= E(h(HAD,_3, 1AD,_,)) — 2b
= E(a(al—3' O1-)h (AL, 3, I'Aal—z)) —2b
< E(b(al—S' 61—2)) —3b

< E(5(Dy,&1)) — 1b. (2.20)
Using the limit on both sides, we get
lim E(h(1AD,_,, AD))) = —oo. (2.21)
n—-oo
So, by the definition (d,) of definition 1.3 with equation (2.21), we get
llim h(HAS,_1, AG;) = 0. (2.22)
By (d3) of Definition 1.3, 3k in (0,1) such that

: 55 o k NN

llgglo(b(wl, Ol+1)) E(F)(Qz' Qz+1)) = 0. (2.23)
Also, by equation (2.20), we have
[(H(&Oy, 61+1)]R[E(b(61; CT31+1)) - d(h(ao: 61))] < —[B(&y, By41)]¥Ib < 0. (2.24)
By applying [ — oo in the previous equation together with the two different equations (2.21) and (2.22), we get
lim I[[h(&y, Bi]E = 0. (2.25)

Then, we will discuss two different cases.
Case(i): Consider [ is a multiple of 2; by Equation (2.25), we will have

lim I[h(&y, O]k = 0. (2.26)
Case(ii): Consider [ is not an multiple of 2; by Equation (2.25), we will have

lim (L = D[H(B1, B2 = 0. (2.27)
By Equations (2.22) and (2.27), we have

lim U[(&y, G4)]* = 0. (2.28)

From the previous we will see that 31; € N s.t.
IH(B, O <1V I
Therefore, we have
o o 1
b@, ) <5 VIZh
!

Then, we will prove that sequence {&;} is a Cauchy. Now,Vp > r = [, we have
b(g)p' (’ST) = h(ap' 610—1) + h(‘Sp—l' 617—2) + b(GP—Z' 61?—3) + o+ H(Dryr, )
< Z?lozr b(a)n, a\)n+1)

1
=< Z;o:r i
nk

Taking limit as 7 — oo, we get lim b(&p, &,) = 0, Since < y*_ L is convergent if k < 1. This proves that sequence {&,} in ()
p,r—>0 e

nk
is a Cauchy.
So () is complete, we have Il € () s.t.
llir?ob(ﬂ, A =phm = ml'ilr_r}oob(ﬁm, a) =0. (2.29) Next,

prove that 11 is a fixed point of IA. Now we can claim that
;b(al, A3, < b5, 1) or%h(mal, IA25) < h(AD, 1), LEN. (2.30)
Again, suppose that 3 m € N such that
6158 Nisha', IIMCR Volume 14 Issue 02 February 2026




)

“Generalized a-E Suzuki Type Contractions and Fixed-Point Theorems in Metric-Like Spaces’

D (B, D) < DBy, 1) and >HHAD , FA25,) < HIAG,,, . (2.31)
Therefore,

25Dy, 1) < BBy, By < By, ) + B HAB,),

Which implies that

BB, 1) < D, AB,,) (2.32)
It follows from the equations (2.31) and (2.32) that

D@, 1) < B, AS) < S HIAD, 125,) (2.33)
Since %b(d’Sm, MG, < H(H,,, AG,,), by the condition of the Theorem, we get

b + E(a(Om, MO )AL, 2D,,)) < E(M(D,,, AD,,)) (2.34)
Where
M((Bm' I'Aam) = max{b(am' I'Aam)' h(a)m' I'Aa)m)' b(I'Aam' IA? am)}
So, if possible, assume that
H(Opp, D) < HUAD,,, AZD,,), then equation (2.34), becomes
E(h (S, M25,)) < E(D(HAD,, 125,,))
A contradiction.
Thus,
b + E(a(Om, WO, ) (HAD , 28,,)) < E(H(Dy, D). (2.35)
Since b > 0, it follows that
E(a(Op, AO)D(AD,, H25,)) < E(H(Bpp, D).
So, by (d;), we get
HAD,,, B2D,,) < H(Op, AD,,). (2.36)
It follows from the equations (2.34), (2.35) and (2.36) that
HIAD,,, N2D,,) < H(D,,, AD,,)
< (G, D) + 5L KAL)
< S D (B, 25,) + 2 H(HAD, FA2Dy,)
= H(AD,,, IA%D,,). (2.37)
Which fails our assumption.
So, Equation (2.30) proves.
Then, using Equation (2.30), for every [ € N
b + E(a(&, HH(AS,, KL)) < E(H(H, 1)),
Or
b+ E(a(B, DH(A2S,, 1AID) < d(h(HAG,, 1) = E(D(By41, 1)
holds.
In the case (i), from the previous equation (2.30), by the given condition (d3) of definition 1.3, we have
}Lrglo H(HAG,, KAL) = —co.
This will simplify by using the condition (d,) of Definition 1.2 we have
lli_)rgh(lﬁ\c’“)l, IAll) = 0.
Therefore
BT, QM) = Jim h(B141, QM) = Jim H(QB, QM) = 0.
In the case (ii), from the previous equation (2.30), by the given condition (d3) of Definition 1.3, we have
lim E(h(HA23,, HAID) = —oo.
This will simplify by using the condition (d,) of Definition 1.3 we have
}Lrg H(IAG,, KAL) = 0. Therefore
(I, FAT) = Jim (&, FAI) = lim H(A25,, FAID) = 0.
So, A has a fixed point I in ().
So, we consider KA is orbitally continuous on (); then &;,; = O, = M(AG,) — Kl as [ — co.
By using the completeness property of metric space,
we get All = 1.
So, Fix(HA) # @.
One more time, we consider that A is a* —admissible; this implies that V 11, II* € Fix(IA), we have a (11, 11*) > 1.
Therefore, h(FAll, IAIT) = h(, 1T*) > 0.
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So, we have 0 = %b(H, AL < h(, 11*), and by given assertion of the previous Theorem, we got
E(b(n, H*)) = cf(b(I-AH, I-AIT*)) = E(a(H, )b (JALL, I-AH*)) < I-A(M(H, H*)) —b.

Where

ML, 1) = max{h (1, "), (11, AL, (11", IAL)}

= max{0,0, h(11, 1)}

Thus, above becomes

d(b( 1)) < d(b, 1)) — b

Since b > 0, and using (d; ), we have
(L %) < ().

Which fails by our assumption.

Therefore IA has a unique fixed point in ().
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