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1. INTRODUCTION 

“Metrical fixed point theory is one of major branch of research in non-linear analysis. Banach [5] contraction principle is the main 

pillar of metrical fixed point theory which states that “Every contraction map on a complete metric space has a unique fixed point.”  

Many authors proved fixed point theorems in various spaces see ([1-3], [10-15]). 

To get new fixed point results in 2012, Amini Harandi [3] introduced metric-like space.  

Definition 1.1. [3] A mapping 𝑑 ∶  𝑋 × 𝑋 →  ℝ+ where 𝑋 is a nonempty set, is said to be metric-like on 𝑋 if for any 𝑥, 𝑦, 𝑧 ∈  𝑋, 

the following three conditions hold true: 

(i)  𝑑(𝑥, 𝑦)  =  0 ⇒  𝑥 =  𝑦;  

(ii)  𝑑(𝑥, 𝑦)  =  𝑑(𝑦, 𝑥);  

(iii)  𝑑(𝑥, 𝑧)  ≤  𝑑(𝑥, 𝑦)  +  𝑑(𝑦, 𝑧).  

The pair (𝑋, 𝑑) is then called a metric-like (dislocated) space. 

Definition 1.2. [3] Consider a metric like space (𝑋, 𝑑).  

1. If for the sequence (𝑥𝑛) in 𝑋 lim𝑚,𝑛→∞𝑑(𝑥𝑛, 𝑥𝑚) exists and finite then it is said to be Cauchy.  

2. If every Cauchy sequence (𝑥𝑛) in 𝑋 converges to some 𝑥 ∈ 𝑋 then (𝑋, 𝑑) is said to be complete, that is lim𝑛→∞𝑑(𝑥, 𝑥𝑛) =

𝑑(𝑥, 𝑥) = lim𝑚,𝑛→∞𝑑(𝑥𝑛 , 𝑥𝑚).  

3. Let us consider a self map 𝑇 ∶ (𝑋, 𝑑) → (𝑋, 𝑑), if for any sequence (𝑥𝑛) in 𝑋 such that 𝑑(𝑥, 𝑥𝑛) → 𝑑(𝑥, 𝑥) as 𝑛 → ∞, we 

have 𝑑(𝑇𝑥, 𝑇𝑥𝑛) → 𝑑(𝑥, 𝑥) as 𝑛 → ∞, then the map is continuous.  

Wardowski [4] established the concept of 𝐸-contraction as follows. 

Definition 1.3.  [4] A collection of functions 𝐸 ∈ 𝐹 mapping from [0, ∞) into (−∞, +∞) has the following conditions:  

(ℇ1) 𝐸 is strictly increasing; that is, ∀𝜂, µ ∈  [0, ∞) such that 𝜂 <  µ, 𝐸(𝜂)  <  𝐸(µ).  

(ℇ2) For each sequence {𝜂𝑛}𝑛∈ℕ of [0, ∞), lim
𝑛→∞

𝜂𝑛 = 0 ⟺ lim
𝑛→∞

𝐸(𝜂𝑛) = −∞.  

(ℇ3) For every 𝜅 ∈  (0, 1), lim
𝑛→∞

𝜂𝑘𝐸(𝜂𝑛) =  0. 

Definition 1.4. [4] A self-map 𝑇 on 𝑋 is called an 𝐸 −contraction if ∃ 𝐸 ∈ 𝐹 and 𝑏 > 0 such that ∀𝑥, 𝑦 ∈ 𝑋, 

 𝑑(𝑇𝑥, 𝑇𝑦) > 0 gives 𝑏 + 𝐸(𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝐸(𝑑(𝑥, 𝑦)). 

Edelstein [7] demonstrated a version of the following theorem in 1962.  

Theorem 1.5. [7] Consider a self-map 𝑇 on 𝑋. Assume that 𝑑(𝑇𝑥, 𝑇𝑦)  <  𝑑(𝑥, 𝑦) is true ∀ 𝑥, 𝑦 ∈  𝑋 with 𝑥 ≠  𝑦.  

Then 𝑇 has a unique fixed point.  
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Suzuki, in 2008 [14], showed that Edelstein’s conclusions could be generalized in a compact metric space. 

Theorem 1.6. Let 𝑇 be a self-map on a compact metric space 𝑋. Assume that 𝑑(𝑇𝑥, 𝑇𝑦)  <  𝑑(𝑥, 𝑦) is true ∀ 𝑥, 𝑦 ∈  𝑋 with 𝑥 ≠  𝑦,  
1

2
𝑑(𝑥, 𝑇𝑥)  <  𝑑(𝑥, 𝑦)  ⟹  𝑑(𝑇𝑥, 𝑇𝑦)  <  𝑑(𝑥, 𝑦).  

Then 𝑇 has a unique fixed point in 𝑋.  

Wardowski [4] demonstrated a version of the following theorem in 2012. 

Theorem 1.7. Consider an 𝐸-contractive self-map 𝑇 on a complete metric space 𝑋. Then, we have the following:  

1. 𝑇 has a unique fixed point 𝑦 in 𝑋;  

2. For all 𝑥 ∈  𝑋, the sequence {𝑇𝑛(𝑥)} is convergent to 𝑦 in 𝑋.  

Secelean [12] demonstrated the following lemma.  

Lemma 1.8. Consider an increasing mapping 𝐸 ∶ ℝ+ ⟶ ℝ and a sequence {𝜂𝑛}𝑛=1
∞   of ℝ+. Then the following conditions hold:  

1. If lim
𝑛→∞

𝐸(𝜂𝑛) = −∞. then lim
𝑛→∞

𝜂𝑛 = 0; 

2. If 𝑖𝑛𝑓𝑖𝑚𝑢𝑚(𝐸) = −∞, and lim
𝑛→∞

𝜂𝑛 = 0, then lim
𝑛→∞

𝐸(𝜂𝑛) = −∞. 

Secelean established that the condition (ℇ2)  in Definition 1.3 may be retrieved by establishing Lemma 1.8, and Hossan Piri and 

Poom Kumam [10] demonstrated that the condition (ℇ3)  in Definition 1.3 may be retrieved by a condition that is comparable but 

simpler. 

Definition 1.9. [10] The set of all functions 𝐸 ∶ ℝ+ ⟶ ℝ    fulfils the following:  

(ℇ1) 𝐸 is strictly increasing; that is, ∀ 𝜂, µ ∈ ℝ+  such that 𝜂 <  µ, 𝐸(𝜂)  <  𝐸(µ).  

(ℇ′
2) Infimum (𝐸) =  −∞. (or)  

(ℇ′′
2) There exists a sequence {𝜂𝑛}𝑛=1

∞   of ℝ+ such that lim
𝑙→∞

𝐸(𝜂𝑙) = −∞.  

(ℇ′
3) 𝐸 is continuous on ℝ+. 

Example 1.10. [10] Let 𝐸1(𝜂) = −
1

𝜂
, 𝐸2(𝜂) = −

1

𝜂
+ 𝜂, 𝐸1(𝜂) =

1

1−𝑒𝜂 . Then 𝐸1, 𝐸2, 𝐸3 ∈ 𝐹. 

Definition 1.11. [10] Let 𝑇 be a self-map on a metric space (𝑋, 𝑑), which is known as orbitally continuous on 𝑋 if lim
𝑛→∞

𝑇𝑙𝑛(𝑥) =

𝑦 ⟹ lim
𝑙→∞

𝑇𝑙𝑛(𝑥) = 𝑇𝑦.  

Let 𝑇 be a self-map on 𝑋.  

We denote Fix(𝑇)  =  {𝑥 ∶  𝑇𝑥 =  𝑥 ∀ 𝑥 ∈  𝑋}. 

Definition 1.12. [11] Consider a self-map 𝑇 on 𝑋 and a mapping 𝛼 ∶  𝑋 ×  𝑋 →  [0, ∞); then 𝑇 is α-admissible if 𝑥, 𝑦 ∈  𝑋,

𝛼(𝑥, 𝑦)  ≥  1 ⟹  𝛼(𝑇𝑥, 𝑇𝑦)  ≥  1. 

Definition 1.13. [9] Let 𝑇 be a self-map on 𝑋 and consider a mapping 𝛼 ∶  𝑋 ×  𝑋 →  (−∞, +∞). Then 𝑇 is triangular α-admissible 

if  

1. 𝛼(𝑥, 𝑦)  ≥  1 ⟹  𝛼(𝑇𝑥, 𝑇𝑦)  ≥  1;  

2. 𝛼(𝑥, ỻ) ≥  1, and 𝛼(ỻ, 𝑦) ≥  1 ⟹  𝛼(𝑥, 𝑦) ≥  1  

for all  𝑥, 𝑦, ỻ ∈  𝑋.  

Example 1.14. Let 𝑇 ∶  [0, ∞)  →  [0, ∞) and 𝛼 ∶  [0, ∞)  × [0, ∞)  →  (−∞, +∞) defined by 𝑇𝑥 =  𝐼𝑛(1 +  𝑥) ∀ 𝑥 ∈  [0, ∞) and 

𝛼(𝑥, 𝑦)  = {
1 +  𝑥, 𝑖𝑓 𝑥 ≥  𝑦;

0, 𝑒𝑙𝑠𝑒
 . 

Then, by Definition 1.12 

 𝛼(𝑥, 𝑦)  ≥  1 ⟹  𝛼(𝑇𝑥, 𝑇𝑦)  ≥  1 ∀ 𝑥 ≥  𝑦 and 𝛼(𝑥, 𝑦)  =  𝛼(𝑦, 𝑥) ∀ 𝑥 =  𝑦. 

Definition 1.15. [8] Let 𝑋 be a non-void set and let 𝑇 be an α-admissible map on 𝑋.  

Then, 𝑇 has the following condition:  

(H) if each 𝑥, 𝑦 ∈  𝐹𝑖𝑥(𝑄), ∃ ỻ ∈  𝑇 such that 𝛼(𝑥, ỻ)  ≥  1 and 𝛼(𝑦, ỻ)  ≥  1. 

Definition 1.16. [13] Let 𝑋 be a non-void set and let 𝑇 be an 𝛼 −admissible map on 𝑋. Then 𝑇 

 is 𝛼∗ − admissible if ∀ 𝑥, 𝑦 ∈  𝐹𝑖𝑥(𝑄)  ≠  ∅, we have 𝛼(𝑥, 𝑦)  ≥  1.  

If 𝐹𝑖𝑥(𝑄)  =  ∅, we say that 𝑇 is vacuously 𝛼∗ − admissible.  

Some authors, such as Alsulami et al. [20], Khan et al. [24], and others, have used the idea above without its nomenclature 

concerning the uniqueness of the fixed point. 

Example 1.17. Define 𝑇 ∶  [0, ∞)  →  [0, ∞) and 𝛼 ∶  [0, ∞)  × [0, ∞)  →  (−∞, +∞) by 𝑇𝑥 =  1 +  𝑥 ∀ 𝑥 ∈  [0, ∞) and 

𝛼(𝑥, 𝑦) = {
 𝑒2(𝑥−𝑦) 𝑖𝑓 𝑥 ≥  𝑦

0, 𝑒𝑙𝑠𝑒
. 

Then, 𝑇 is 𝛼 −admissible.  

Here, 𝑇 is vacuously 𝛼∗ − admissible because 𝑄 has no fixed point; that is, 𝐹𝑖𝑥(𝑇)  =  ∅. 

Definition 1.18. [15] We say that a self-map 𝑇 on 𝑋 is an 𝛼 − 𝐸 −contraction if a function 

𝛼 ∶  𝑋 ×  𝑋 →  [0, ∞) exists and 𝐸 ∈  𝐹 such that 
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𝑑(𝑇𝑥, 𝑇𝑦) >  0 ⇒  𝑏 +  𝐸(𝛼(𝑥, 𝑦)𝑑(𝑇𝑥, 𝑇𝑦)) ≤ 𝐸(𝑑(𝑥, 𝑦)), ∀ 𝑥, 𝑦 ∈  𝑋.    

Theorem 1.19. [15] Let (𝑋, 𝑑) be a complete metric space and 𝑇 ∶ 𝑋 → 𝑋 be an 𝛼 − 𝐸 −contraction, the subsequent assertion hold:  

(i) 𝑇 is 𝛼 − admissible;  

(ii) ∃ 𝑥0  ∈  𝑋 such that 𝛼(𝑥0, 𝑇𝑥0)  ≥  1. 

(iii) 𝑇 is continuous or orbitally continuous on 𝑋. 

Then, the point ỻ ∈ 𝑋 is a fixed point of 𝑇.  

Moreover, if 𝑇 is 𝛼∗ −admissible, then the point ỻ ∈ 𝑋  is a unique fixed point of 𝑇. Furthermore, for every 𝑥0  ∈ 𝑋 if 𝑥𝑙+1 =

𝑇𝑙+1𝑥0 ≠ 𝑇𝑥𝑙 , ∀𝑙 ≥ 0, then lim
𝑛→∞

𝑇𝑙𝑥0 = ỻ. 

Definition 1.20. [15] A self-map 𝑇 on 𝑋 is called an 𝛼 − 𝐸 −Suzuki contraction if 𝑏 > 0 exists such that ∀ 𝑥, 𝑦 ∈ 𝑋 with 𝑇𝑥 ≠ 𝑇𝑦 
1

2
𝑑(𝑥, 𝑇𝑥) < 𝑑(𝑥, 𝑦) ⟹ 𝑏 + 𝐸(𝛼(𝑥, 𝑦)𝑑(𝑄𝑥, 𝑄𝑦)) ≤ 𝐸(𝑑(𝑥, 𝑦))     

Where 𝐸 ∈ 𝐹. 

Theorem 1.21. [15] Let (𝑋, 𝑑) be a complete metric space and 𝑇 ∶ 𝑋 → 𝑋 be an 𝛼 − 𝐸 −Suzuki contraction, the subsequent assertion 

hold:  

(i) 𝑇 is 𝛼 − admissible;  

(ii) ∃ 𝑥0  ∈  𝑋 such that 𝛼(𝑥0, 𝑇𝑥0)  ≥  1. 

(iii) 𝑇 is continuous or orbitally continuous on 𝑇. Ѩ 

Then, the point ỻ ∈ 𝑋 is a fixed point of Ѩ. Moreover, if Ѩ is 𝛼∗ −admissible, then the point ỻ ∈ 𝑋  is a unique fixed point of Ѩ.  

Furthermore, for every 𝑥0  ∈ 𝑋 if 𝑥𝑙+1 = Ѩ𝑙+1𝑥0 ≠ Ѩ𝑥𝑙 , ∀𝑙 ≥ 0, then lim
𝑛→∞

Ѩ𝑙𝑥0 = ỻ. 

Now, we are ready to define generalized 𝛼 − 𝐸 −contractions and prove related fixed point theorems.” 

 

2. MAIN RESULTS  

In this section of the paper, we define the class of generalized 𝛼 − 𝐸 −contractions. 

Definition 2.1. We define that a self-map Ѩ on metric-like space 𝑋 is a generalized 𝛼 − 𝐸-contraction if a function 𝛼 ∶  𝑋 ×  𝑋 →

 [0, ∞) exists and 𝐸 ∈  𝐹, 𝑏 > 0 such thatϢ 

ђ(Ѩѽҁ, Ѩ𝑦) >  0 ⇒  𝑏 +  𝐸(𝛼(ѽ, 𝑦)ђ(Ѩѽ, Ѩ𝑦)) ≤ 𝐸(𝑀(ѽ, 𝑦)),                               (2.1) 

Where 𝑀(ѽ, 𝑦) = {ђ(ѽ, 𝑦), ђ(ѽ, Ѩѽ), ђ(𝑦, Ѩ𝑦)}, ∀ ѽ, 𝑦 ∈  Ϣ. 

Lemma 2.2. Suppose Ѩ is a generalized  𝛼 − 𝐸 −contractive mapping on metric-like space (Ϣ, ђ), the below situations holds:  

(i) Ѩ is 𝛼 − admissible;  

(ii) ∃ ѽ0  ∈  Ϣ s.t. 𝛼(ѽ0, Ѩѽ0)  ≥  1. 

Also, construct a sequence {ѽ𝑙} ∈ Ϣ by ѽ𝑙+1 = Ѩ𝑙+1ѽ0 = Ѩѽ𝑙 , ∀𝑙 ∈ ℕ ∪ {0}.  

Then, 𝛼(ѽ𝑙 , ѽ𝑙+1) > 1, ∀𝑙 ≥ 0 and 𝐸(ђ(ѽ𝑙 , Ѩѽ𝑙)) = 𝐸(𝛼(ѽ𝑙−1, ѽ𝑙)ђ(ѽ𝑙 , Ѩѽ𝑙)) ≤ 𝐸(ђ(ѽ0, Ѩѽ0)) − 𝑙𝑏. 

Proof. Let ѽ0 ∈ Ϣ. It follows that 𝛼(Ѩѽ0, ѽ0) ≥ 1, and we construct a sequence {ѽ𝑙} by ѽ𝑙+1 = Ѩ𝑙+1ѽ0 = Ѩѽ𝑙 , ∀𝑙 ∈ ℕ ∪ {0}. 

By Definition 1.12, we get 

𝛼(ѽ0, ѽ1) = 𝛼(ѽ0, Ѩѽ0) ≥ 1 ⟹ 𝛼(ѽ1, ѽ2) = 𝛼(Ѩѽ0, Ѩ2ѽ0) ≥ 1.  

Consequently, we got inductively that 𝛼(ѽ𝑙 , ѽ𝑙+1) > 1,    ∀  𝑙 ≥ 0.  

Let ѽ𝑙 ≠ ѽ𝑙+1      ∀   𝑙 ≥ 0.  

So ђ(ѽ𝑙 , ѽ𝑙+1) > 0,    ∀    𝑙 ≥ 0. 

Using the condition ℇ1 and 𝛼(ѽ0, ѽ1) ≥ 1 by equation (2.1), we get 

𝐸(ђ(ѽ2, ѽ3)) = 𝐸(ђ(Ѩѽ1, Ѩѽ2))  

                      ≤ 𝐸(𝛼(ѽ1, ѽ2)ђ(Ѩѽ1, Ѩѽ2))  

                      ≤ 𝐸(𝑀(ѽ1, ѽ2)) − 𝑏                                                                                    (2.2) 

where 

 𝑀(ѽ1, ѽ2) = 𝑚𝑎𝑥{ђ(ѽ1, ѽ2), ђ(ѽ1, Ѩѽ1), ђ(ѽ2, Ѩѽ2)}, 

                  = 𝑚𝑎𝑥{ђ(ѽ1, ѽ2), ђ(ѽ1, ѽ2), ђ(ѽ2, ѽ3)}. 

Now, if possible, suppose that ђ(ѽ1, ѽ2) < ђ(ѽ2, ѽ3). 

Then, equation (2.2) becomes 

𝐸(ђ(ѽ2, ѽ3)) < 𝐸(ђ(ѽ2, ѽ3)). 

A contradiction. 

Thus,  

ђ(ѽ2, ѽ3) < ђ(ѽ1, ѽ2).  

Again, by equation (2.1), we have 

𝐸(ђ(ѽ3, ѽ4)) = 𝐸(ђ(Ѩѽ2, Ѩѽ3))  
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                      ≤ 𝐸(𝛼(ѽ2, ѽ3)ђ(Ѩѽ2, Ѩѽ3))  

                      ≤ 𝐸(𝑀(ѽ2, ѽ3)) − 𝑏                                                                                     (2.3)         

where 

𝑀(ѽ2, ѽ3) = 𝑚𝑎𝑥{ђ(ѽ2, ѽ3), ђ(ѽ2, Ѩѽ2), ђ(ѽ3, Ѩѽ3)}, 

                 = 𝑚𝑎𝑥{ђ(ѽ2, ѽ3), ђ(ѽ2, ѽ3), ђ(ѽ3, ѽ4)}. 

Now, if possible, suppose that ђ(ѽ1, ѽ2) < ђ(ѽ2, ѽ3). 

Then, equation (2.3) becomes 

𝐸(ђ(ѽ3, ѽ4)) < 𝐸(ђ(ѽ3, ѽ4)). 

A contradiction. 

Thus,  

ђ(ѽ3, ѽ4) < ђ(ѽ2, ѽ3).  

Through the use of this approach, we are able to demonstrate inductively that Ѩ has a sequence that is strictly non-increasing 

{ђ(ѽ𝑙 , ѽ𝑙+1)} in Ϣ. 

Theorem 2.3. “Let (Ϣ, ђ) be a complete metric-like space and Ѩ: Ϣ → Ϣ be a generalized 𝛼 − 𝐸 −contraction, the subsequent 

assertion hold:  

1. Ѩ is 𝛼 − admissible;  

2. ∃ ѽ0  ∈  Ϣ such that 𝛼(ѽ0, Ѩѽ0) ≥  1; 

3. 𝛼(ѽ, ѽ) ≥ 1, for all ѽ ∈ Ϣ; 

4. Ѩ is continuous or orbitally continuous on Ϣ. 

Then, the point ỻ ∈ Ϣ is a fixed point of Ѩ.  

Moreover, if Ѩ is 𝛼∗ −admissible, then the point ỻ ∈ Ϣ  is a unique fixed point of Ѩ. Furthermore, for every” ѽ0  ∈ Ϣ if ѽ𝑙+1 =

Ѩ𝑙+1ѽ0 ≠ Ѩѽ𝑙 , ∀𝑙 ≥ 0, then lim
𝑛→∞

Ѩ𝑙ѽ0 = ỻ. 

Proof: Let ѽ0 ∈ Ϣ be such that 𝛼(Ѩѽ0, ѽ0) ≥ 1 and construct a sequence {ѽ𝑙} by ѽ𝑙+1 = Ѩ𝑙+1ѽ0 = Ѩѽ𝑙 , ∀ 𝑙 ≥ 0. If ѽ𝑙0
=

ѽ𝑙0+1, it follow that Ѩѽ𝑙0
= ѽ𝑙0

 for few    𝑙0   ≥    0; so ѽ𝑙0
 in Ϣ is a fixed point of Ѩ. 

Then, Let ѽ𝑙 ≠ ѽ𝑙+1∀ 𝑙 ≥ 0. Then, ђ(ѽ𝑙 , ѽ𝑙+1) > 0 ∀ 𝑙 ≥ 0.  

Using Lemma 2.2, we get 

 𝛼(ѽ𝑙 , ѽ𝑙+1) > 1     ∀     𝑙 ≥    0.  

Then, 𝛼(ѽ𝑙 , ѽ𝑙+1) = 𝛼(Ѩ𝑙ѽ0, Ѩ𝑙+1ѽ0) ≥ 1 ∀𝑙 ≥ 0.  

According to ᶑ1 and Definition 1.12 
1

2
ђ(ѽ𝑙 , Ѩѽ𝑙) =

1

2
ђ(ѽ𝑙 , ѽ𝑙+1),  

                    < ђ(ѽ𝑙 , ѽ𝑙+1).  

Now, by equation (1), we get 

𝐸(ђ(ѽ𝑙 , ѽ𝑙+1)) = 𝐸(ђ(Ѩѽ𝑙−1, Ѩѽ𝑙))  

                         = 𝐸(𝛼(ѽ𝑙−1, ѽ𝑙)ђ(Ѩѽ𝑙−1, Ѩѽ𝑙))  

                         ≤  𝐸(ђ(ѽ𝑙−1, ѽ𝑙)) − 𝑏                                                                                (2.4) 

Repeating this process, we get 

𝐸(ђ(Ѩѽ𝑙−1, Ѩѽ𝑙)) ≤  𝐸(ђ(ѽ𝑙−1, ѽ𝑙)) − 𝑏  

                              = 𝐸(ђ(Ѩѽ𝑙−2, Ѩѽ𝑙−1)) − 𝑏  

                              = 𝐸(𝛼(ѽ𝑙−2, ѽ𝑙−1)ђ(Ѩѽ𝑙−2, Ѩѽ𝑙−1)) − 𝑏  

                              ≤  𝐸(ђ(ѽ𝑙−2, ѽ𝑙−1)) − 2𝑏  

                              = 𝐸(ђ(Ѩѽ𝑙−3, Ѩѽ𝑙−2)) − 2𝑏  

                              = 𝐸(𝛼(ѽ𝑙−3, ѽ𝑙−2)ђ(Ѩѽ𝑙−3, Ѩѽ𝑙−2)) − 2𝑏  

                            ≤  ᶑ(ђ(ѽ𝑙−3, ѽ𝑙−2)) − 3𝑏  

                             . 

                             . 

                             . 

                             ≤  𝐸(ђ(ѽ0, ѽ1)) − 𝑙𝑏.                                                                            (2.5) 

By applying limit on every sides, we get  

lim
𝑛→∞

𝐸(ђ(Ѩѽ𝑙−1, Ѩѽ𝑙)) = −∞.                                                                                         (2.6) 

Therefore, by  (ᶑ2) of Definition 2.3 with equation (2.6), we get 

lim
𝑙→∞

ђ(Ѩѽ𝑙−1, Ѩѽ𝑙) = 0.                                                                                                     (2.7) 
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By (ᶑ3) of Definition 2.3, ∃𝑘 in (0,1) such that 

lim
𝑙→∞

(ђ(ѽ𝑙 , ѽ𝑙+1))
𝑘

𝐸(ђ(ѽ𝑙 , ѽ𝑙+1)) = 0.                                                                              (2.8) 

Also, by equation (2.5), we have 

[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘[𝐸(ђ(ѽ𝑙 , ѽ𝑙+1)) − 𝐸(ђ(ѽ0, ѽ1))] ≤ −[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘𝑙𝑏 ≤ 0.                   (2.9) 

Using 𝑙 → ∞ in the previous equation together with the two different equations (2.7) and (2.8), we have 

lim
𝑙→∞

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                                    (2.10) 

Then, we will solve two different cases. 

Case (i): Consider 𝑙 is a multiple of 2; by Equation (2.10), we get 

lim
𝑙→∞

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                                    (2.11) 

Case(ii): Consider 𝑙 is not an multiple of 2; by Equation (2.10), we get 

lim
𝑙→∞

(𝑙 − 1)[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                          (2.12) 

By Equations (2.7) and (2.12), we have 

lim
𝑙→∞

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                                    (2.13) 

From the previous equations we see that ∃ 𝑙1 ∈ ℕ such that 

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 ≤ 1 ∀ 𝑙 ≥ 𝑙1.  

Therefore, we have  

ђ(ѽ𝑙 , ѽ𝑙+1) ≤
1

𝑙
1
𝑘

  ∀ 𝑙 ≥ 𝑙1.  

Further, we will shows that sequence {ѽ𝑙} is an Cauchy.  

Now, ∀ 𝑝 > 𝑟 ≥ 𝑙1, we have 

ђ(ѽ𝑝, ѽ𝑟) ≤ ђ(ѽ𝑝, ѽ𝑝−1) + ђ(ѽ𝑝−1, ѽ𝑝−2) + ђ(ѽ𝑝−2, ѽ𝑝−3) + ⋯ + ђ(ѽ𝑟+1, ѽ𝑟)  

< ∑ ђ(ѽ𝑛 , ѽ𝑛+1)

∞

𝑛=𝑟

 

                                                             ≤ ∑
1

𝑛
1
𝑘

∞
𝑛=𝑟  .  

Taking limit 𝑟 → ∞, we get lim
𝑝,𝑟→∞

ђ(ѽ𝑝, ѽ𝑟) = 0, Since  ≤ ∑
1

𝑛
1
𝑘

∞
𝑛=𝑟  is convergent if 𝑘 < 1. This proves that sequence {ѽ𝑙} in Ϣ is 

an Cauchy.  

So Ϣ is complete, we will have ỻ ∈ Ϣ s.t. 

lim
𝑙→∞

ђ(ỻ, ѽ𝑙) = ђ(ỻ, ỻ) = lim
𝑚,𝑙→∞

ђ(ѽ𝑚, = ѽ𝑙) = 0.                                                         (2.14) 

 Since Ѩ is continuous, from equation (2.14), we have  

lim
𝑛→∞

ђ(Ѩỻ, ѽ𝑛+1) = ђ(Ѩỻ, Ѩỻ).                                                                                     (2.15) 

 On the other hand, by Lemma 2.1.6 and equation (2.3.16), we have  

lim
𝑛→∞

ђ(Ѩỻ, ѽ𝑛+1) = ђ(ỻ, Ѩỻ).                                                                                         (2.16) 

On comparing equation (2.15) and (2.16), we get 

ђ(Ѩỻ, Ѩỻ) = ђ(ỻ, Ѩỻ). 

If possible assume that  

0 < ђ(ỻ, Ѩỻ) , then from equation (2.1), we get 

𝐸(ђ(ỻ, Ѩỻ)) ≤ 𝑏 +  𝐸(𝛼(ỻ, ỻ)ђ(Ѩỻ, Ѩỻ))  

                          ≤ 𝐸(𝑀(ỻ, ỻ))                                                                                             (2.17) 

Where 

𝑀(ỻ, ỻ) = max {ђ(ỻ, ỻ), ђ(ỻ, Ѩỻ), ђ(ỻ, Ѩỻ)}. 

If possible, suppose that 

ђ(ỻ, ỻ) < ђ(ỻ, Ѩỻ). 

Then, equation (2.17) implies that  

𝐸(ђ(ỻ, Ѩỻ)) < 𝐸(ђ(ỻ, Ѩỻ)). 

Which is a contradiction. 

Thus,  

0 = ђ(ỻ, ỻ) > ђ(ỻ, Ѩỻ). 

Which implies that 

ђ(ỻ, Ѩỻ) = 0. 

Therefore, Ѩ has a fixed point ỻ  in Ϣ. 
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Now, orbitally continuous on 𝑆 Let Ѩ  is ; then ѽ𝑙+1 = Ѩѽ𝑙 = Ѩ(Ѩѽ0) → 𝑄ỻ as 𝑙 → ∞. 

By the property of completeness, we say that  

Ѩỻ = ỻ.  

Therefore, Fix(Ѩ) ≠ ∅. 

So, we assume that Ѩ is 𝛼∗ −admissible; this will lead that ∀ ỻ, ỻ∗ ∈ 𝐹𝑖𝑥(Ѩ), we will get 𝛼(ỻ, ỻ∗) ≥ 1. Therefore, ђ(Ѩỻ, Ѩỻ∗) =

ђ(ỻ, ỻ∗) > 0. From (2.1), we obtain 

ᶑ(ђ(ỻ, ỻ∗)) = ᶑ(ђ(Ѩỻ, Ѩỻ∗))  

                      = ᶑ(𝛼(ỻ, ỻ∗)ђ(Ѩỻ, Ѩỻ∗))  

                      ≤ ᶑ(𝑀(ỻ, ỻ∗)) − 𝑏.  

Where 

𝑀(ỻ, ỻ∗) = 𝑚𝑎𝑥{ђ(ỻ, ỻ∗), ђ(ỻ, Ѩỻ), ђ(ỻ∗, Ѩỻ∗)}  

                = 𝑚𝑎𝑥{0,0, ђ(ỻ, ỻ∗)} 

Thus, above becomes 

ᶑ(ђ(ỻ, ỻ∗)) ≤ ᶑ(ђ(ỻ, ỻ∗)) − 𝑏  

Since 𝑏 > 0, and using (ᶑ1), we have  

  ђ(ỻ, ỻ∗) < ђ(ỻ, ỻ∗). 

Which contradicts by our assumption.  

Therefore Ѩ has a unique fixed point in Ϣ. 

Definition 2.4. A self-map Ѩ on metric-like space (Ϣ, ђ) is called a generalized 𝛼 − 𝐸 −Suzuki contraction with condition 𝑏 > 0 

exists such that ∀ 𝑥, 𝑦 ∈ Ϣ with Ѩѽ ≠ Ѩ𝑦 
1

2
ђ(ѽ, Ѩѽ) < ђ(ѽ, 𝑦) ⟹ 𝑏 + 𝐸(𝛼(ѽ, 𝑦)ђ(Ѩѽ, Ѩ𝑦)) ≤ 𝐸(𝑀(ѽ, 𝑦))                             (2.18) 

Where 𝑀(𝑥, 𝑦) = {ђ(ѽ, 𝑦), ђ(ѽ, Ѩ𝑥), ђ(𝑦, Ѩ𝑦)}, ∀ ѽ, 𝑦 ∈  Ϣ and 𝐸 ∈ 𝐹. 

Theorem 2.5. “Let (Ϣ, ђ) be a complete metric-like space and Ѩ: Ϣ → Ϣ be a generalized 𝛼 − 𝐸 −Suzuki contraction; the 

subsequent assertion hold:  

1. Ѩ is 𝛼 − admissible;  

2. ∃ ѽ0  ∈  Ϣ such that 𝛼(ѽ0, Ѩѽ0) ≥  1; 

3. 𝛼(ѽ, ѽ) ≥ 1, for all ѽ ∈ Ϣ; 

4. Ѩ is continuous or orbitally continuous on Ϣ. 

Then, the point ỻ ∈ Ϣ is a fixed point of Ѩ.  

Moreover, if Ѩ is 𝛼∗ −admissible, then the point ỻ ∈ Ϣ  is a unique fixed point of Ѩ. Furthermore, for every” ѽ0  ∈ Ϣ if ѽ𝑙+1 =

Ѩ𝑙+1𝑥0 ≠ Ѩѽ𝑙 , ∀𝑙 ≥ 0, then lim
𝑛→∞

Ѩ𝑙ѽ0 = ỻ. 

Proof: Let ѽ0 ∈ Ϣ be such that 𝛼(Ѩѽ0, ѽ0) ≥ 1 and construct a sequence {ѽ𝑙} by ѽ𝑙+1 = Ѩ𝑙+1ѽ0 = Ѩѽ𝑙 , ∀ 𝑙 ≥ 0.  

If ѽ𝑙0
= ѽ𝑙0+1, it follows that Ѩѽ𝑙0

= ѽ𝑙0
 for some 𝑙 0  ≥   0; then ѽ𝑙0

 in Ϣ is a fixed point of Ѩ. 

Then, Let ѽ𝑙 ≠ ѽ𝑙+1∀ 𝑙 ≥ 0.  

So, ђ(ѽ𝑙 , ѽ𝑙+1) > 0 ∀ 𝑙 ≥ 0.  

Using Lemma 2.2, we will have 

𝛼(ѽ𝑙 , ѽ𝑙+1) > 1      ∀    𝑙   ≥   0.  

 Then,  

𝛼(ѽ𝑙 , ѽ𝑙+1) = 𝛼(Ѩ𝑙ѽ0, Ѩ𝑙+1ѽ0) ≥ 1 ∀𝑙 ≥ 0.  

According to ᶑ1 and Definition 2.4, 
1

2
ђ(ѽ𝑙 , Ѩѽ𝑙) =

1

2
ђ(ѽ𝑙 , ѽ𝑙+1)  

                    < ђ(ѽ𝑙 , ѽ𝑙+1).  

Now, by equation (2.18), we get 

𝐸(ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙)) = 𝐸(𝛼(ѽ𝑙 , Ѩѽ𝑙)ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙))  

                             ≤  𝐸(𝑀(ѽ𝑙 , Ѩѽ𝑙)) − 𝑏                                                                          (2.19) 

Where 

𝑀(ѽ𝑙 , Ѩѽ𝑙) = {ђ(ѽ𝑙 , Ѩѽ𝑙), ђ(ѽ𝑙 , Ѩѽ𝑙), ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙)}  

If possible, assume that  

ђ(ѽ𝑙 , Ѩѽ𝑙) < ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙)  

Then, equation (2.19), implies that 

𝐸(ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙)) < 𝐸(ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙)).  

A contradiction. 
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Thus, we get 

𝐸(ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙)) ≤ 𝐸(ђ(ѽ𝑙 , Ѩѽ𝑙)) − 𝑏. 

Repeating this process, we get 

𝐸(ђ(ѽ𝑙 , Ѩѽ𝑙)) =  𝐸(ђ(Ѩѽ𝑙−1, Ѩѽ𝑙))  

                        = 𝐸(𝛼(ѽ𝑙−1, ѽ𝑙)ђ(Ѩѽ𝑙−1, Ѩѽ𝑙))  

                        ≤  𝐸(ђ(ѽ𝑙−1, Ѩѽ𝑙−1)) − 𝑏  

                        =  𝐸(ђ(Ѩѽ𝑙−2, Ѩѽ𝑙−1)) − 𝑏  

                        = 𝐸(𝛼(ѽ𝑙−2, ѽ𝑙−1)ђ(Ѩѽ𝑙−2, Ѩѽ𝑙−1)) − 𝑏  

                          ≤  𝐸(ђ(ѽ𝑙−2, ѽ𝑙−1)) − 2𝑏  

                            = 𝐸(ђ(Ѩѽ𝑙−3, Ѩѽ𝑙−2)) − 2𝑏  

                            = 𝐸(𝛼(ѽ𝑙−3, ѽ𝑙−2)ђ(Ѩѽ𝑙−3, Ѩѽ𝑙−2)) − 2𝑏  

                            ≤  𝐸(ђ(ѽ𝑙−3, ѽ𝑙−2)) − 3𝑏  

                             . 

                             . 

                             . 

                                ≤  𝐸(ђ(ѽ0, ѽ1)) − 𝑙𝑏.                                                                           (2.20) 

Using the limit on both sides, we get  

lim
𝑛→∞

𝐸(ђ(Ѩѽ𝑙−1, Ѩѽ𝑙)) = −∞.                                                                                          (2.21) 

So, by the definition (ᶑ2) of definition 1.3 with equation (2.21), we get 

lim
𝑙→∞

ђ(Ѩѽ𝑙−1, Ѩѽ𝑙) = 0.                                                                                                     (2.22) 

By (ᶑ3) of Definition 1.3, ∃𝑘 in (0,1) such that 

lim
𝑙→∞

(ђ(ѽ𝑙 , ѽ𝑙+1))
𝑘

𝐸(ђ(ѽ𝑙 , ѽ𝑙+1)) = 0.                                                                           (2.23) 

Also, by equation (2.20), we have 

[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘[𝐸(ђ(ѽ𝑙 , ѽ𝑙+1)) − ᶑ(ђ(ѽ0, ѽ1))] ≤ −[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘𝑙𝑏 ≤ 0.                (2.24) 

By applying 𝑙 → ∞ in the previous equation together with the two different equations (2.21) and (2.22), we get 

lim
𝑙→∞

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                                     (2.25) 

Then, we will discuss two different cases. 

Case(i): Consider 𝑙 is a multiple of 2; by Equation (2.25), we will have 

lim
𝑙→∞

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                                     (2.26) 

Case(ii): Consider 𝑙 is not an multiple of 2; by Equation (2.25), we will have 

lim
𝑙→∞

(𝑙 − 1)[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                            (2.27) 

By Equations (2.22) and (2.27), we have 

lim
𝑙→∞

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 = 0.                                                                                                     (2.28) 

From the previous we will see that ∃𝑙1 ∈ 𝑁 s.t. 

𝑙[ђ(ѽ𝑙 , ѽ𝑙+1)]𝑘 ≤ 1 ∀ 𝑙 ≥ 𝑙1. 

Therefore, we have  

ђ(ѽ𝑙 , ѽ𝑙+1) ≤
1

𝑙
1
𝑘

  ∀ 𝑙 ≥ 𝑙1.  

Then, we will prove that sequence {ѽ𝑙} is a Cauchy. Now, ∀ 𝑝 >   𝑟  ≥    𝑙1, we have 

ђ(ѽ𝑝, ѽ𝑟) ≤ ђ(ѽ𝑝, ѽ𝑝−1) + ђ(ѽ𝑝−1, ѽ𝑝−2) + ђ(ѽ𝑝−2, ѽ𝑝−3) + ⋯ + ђ(ѽ𝑟+1, ѽ𝑟)  

                                                                     < ∑ ђ(ѽ𝑛 , ѽ𝑛+1)∞
𝑛=𝑟  

                                                                     ≤ ∑
1

𝑛
1
𝑘

∞
𝑛=𝑟  . 

Taking limit as 𝑟 → ∞, we get lim
𝑝,𝑟→∞

ђ(ѽ𝑝, ѽ𝑟) = 0, Since  ≤ ∑
1

𝑛
1
𝑘

∞
𝑛=𝑟  is convergent if 𝑘 < 1. This proves that sequence {ѽ𝑙} in Ϣ 

is a Cauchy.  

So Ϣ is complete, we have ỻ ∈ Ϣ s.t. 

lim
𝑙→∞

ђ(ỻ, ѽ𝑙) = ђ(ỻ, ỻ) = lim
𝑚,𝑙→∞

ђ(ѽ𝑚, ѽ𝑙) = 0.                                                          (2.29)                                                 Next, 

prove that ỻ is a fixed point of Ѩ. Now we can claim that 
1

2
ђ(ѽ𝑙 , Ѩѽ𝑙) < ђ(ѽ𝑙 , ỻ) 𝑜𝑟

1

2
ђ(Ѩѽ𝑙 , Ѩ2ѽ𝑙) < ђ(Ѩѽ𝑙 , ỻ),   𝑙 ∈ ℕ.                                   (2.30)  

Again, suppose that ∃ 𝑚 ∈ ℕ such that 
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1

2
ђ(ѽ𝑚, Ѩѽ𝑚) < ђ(ѽ𝑚, ỻ) and 

1

2
ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚) < ђ(Ѩѽ𝑚, ỻ).                                (2.31)  

Therefore, 

2ђ(ѽ𝑚, ỻ) ≤ ђ(ѽ𝑚, Ѩѽ𝑚) ≤ ђ(ѽ𝑚, ỻ) + ђ(ỻ, Ѩѽ𝑚),  

Which implies that  

ђ(ѽ𝑚 , ỻ) ≤ ђ(ỻ, Ѩѽ𝑚)                                                                                                    (2.32) 

It follows from the equations (2.31) and (2.32) that 

ђ(ѽ𝑚 , ỻ) ≤ ђ(ỻ, Ѩѽ𝑚) ≤
1

2
ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚)                                                                 (2.33) 

Since 
1

2
ђ(ѽ𝑚, Ѩѽ𝑚) < ђ(ѽ𝑚, Ѩѽ𝑚), by the condition of the Theorem, we get 

𝑏 + 𝐸(𝛼(ѽ𝑚, Ѩѽ𝑚)ђ(Ѩѽ𝑚 , Ѩ2ѽ𝑚)) ≤ 𝐸(𝑀(ѽ𝑚, Ѩѽ𝑚))                                         (2.34) 

Where 

𝑀(ѽ𝑚, Ѩѽ𝑚) = 𝑚𝑎𝑥{ђ(ѽ𝑚, Ѩѽ𝑚), ђ(ѽ𝑚, Ѩѽ𝑚), ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚)}. 

So, if possible, assume that 

ђ(ѽ𝑚 , Ѩѽ𝑚) < ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚), then equation (2.34), becomes 

𝐸(ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚)) < 𝐸(ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚))  

A contradiction. 

Thus,  

𝑏 + 𝐸(𝛼(ѽ𝑚, Ѩѽ𝑚)ђ(Ѩѽ𝑚 , Ѩ2ѽ𝑚)) ≤ 𝐸(ђ(ѽ𝑚, Ѩѽ𝑚)).                                          (2.35) 

Since 𝑏 > 0, it follows that 

𝐸(𝛼(ѽ𝑚, Ѩѽ𝑚)ђ(Ѩѽ𝑚 , Ѩ2ѽ𝑚)) < 𝐸(ђ(ѽ𝑚 , Ѩѽ𝑚)).  

So, by (ᶑ1), we get 

ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚) < ђ(ѽ𝑚, Ѩѽ𝑚).                                                                                    (2.36) 

It follows from the equations (2.34), (2.35) and (2.36) that 

ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚) < ђ(ѽ𝑚, Ѩѽ𝑚)  

                          ≤ ђ(ѽ𝑚, ỻ) + ђ(ỻ, Ѩѽ𝑚)  

                          ≤
1

2
ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚) +

1

2
ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚)  

                          = ђ(Ѩѽ𝑚, Ѩ2ѽ𝑚).                                                                                  (2.37) 

Which fails our assumption.  

So, Equation (2.30) proves.  

Then, using Equation (2.30), for every 𝑙 ∈ ℕ 

𝑏 + 𝐸(𝛼(ѽ𝑙 , ỻ)ђ(Ѩѽ𝑙 , Ѩỻ)) < 𝐸(ђ(ѽ𝑙 , ỻ)),  

Or 

𝑏 + 𝐸(𝛼(ѽ𝑙 , ỻ)ђ(Ѩ2ѽ𝑙 , Ѩỻ)) ≤ ᶑ(ђ(Ѩѽ𝑙 , ỻ)) = 𝐸(ђ(ѽ𝑙+1, ỻ))  

holds.  

In the case (i), from the previous equation (2.30), by the given condition (ᶑ2) of definition 1.3, we have 

lim
𝑙→∞

ђ(Ѩѽ𝑙 , Ѩỻ) = −∞.  

This will simplify by using the condition (ᶑ2) of Definition 1.2 we have  

lim
𝑙→∞

ђ(Ѩѽ𝑙 , Ѩỻ) = 0.  

Therefore  

ђ(ỻ, 𝑄ỻ) = lim
𝑙→∞

ђ(ѽ𝑙+1, 𝑄ỻ) = lim
𝑙→∞

ђ(𝑄ѽ𝑙 , 𝑄ỻ) = 0.  

In the case (ii), from the previous equation (2.30), by the given condition (ᶑ2) of Definition 1.3, we have 

lim
𝑙→∞

𝐸(ђ(Ѩ2ѽ𝑙 , Ѩỻ)) = −∞.  

This will simplify by using the condition (ᶑ2) of Definition 1.3 we have 

 lim
𝑙→∞

ђ(Ѩѽ𝑙 , Ѩỻ) = 0. Therefore  

ђ(ỻ, Ѩỻ) = lim
𝑙→∞

ђ(ѽ𝑙+2, Ѩỻ) = lim
𝑙→∞

ђ(Ѩ2ѽ𝑙 , Ѩỻ) = 0.  

So, Ѩ has a fixed point ỻ  in Ϣ. 

So, we consider Ѩ  is orbitally continuous on Ϣ; then ѽ𝑙+1 = Ѩѽ𝑙 = Ѩ(Ѩѽ0) → Ѩỻ as 𝑙 → ∞. 

By using the completeness property of metric space,  

we get Ѩỻ = ỻ.  

So, Fix(Ѩ) ≠ ∅. 

One more time, we consider that Ѩ is 𝛼∗ −admissible; this implies that ∀ ỻ, ỻ∗ ∈ 𝐹𝑖𝑥(Ѩ), we have 𝛼(ỻ, ỻ∗) ≥ 1.  

Therefore, ђ(Ѩỻ, Ѩỻ∗) = ђ(ỻ, ỻ∗) > 0.  
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So, we have 0 =
1

2
ђ(ỻ, Ѩỻ) < ђ(ỻ, ỻ∗), and by given assertion of the previous Theorem, we got  

𝐸(ђ(ỻ, ỻ∗)) = ᶑ(ђ(Ѩỻ, Ѩỻ∗)) = 𝐸(𝛼(ỻ, ỻ∗)ђ(Ѩỻ, Ѩỻ∗)) ≤ Ѩ(𝑀(ỻ, ỻ∗)) − 𝑏.  

Where 

𝑀(ỻ, ỻ∗) = 𝑚𝑎𝑥{ђ(ỻ, ỻ∗), ђ(ỻ, Ѩỻ), ђ(ỻ∗, Ѩỻ∗)}  

                = 𝑚𝑎𝑥{0,0, ђ(ỻ, ỻ∗)} 

Thus, above becomes 

ᶑ(ђ(ỻ, ỻ∗)) ≤ ᶑ(ђ(ỻ, ỻ∗)) − 𝑏  

Since 𝑏 > 0, and using (ᶑ1), we have  

  ђ(ỻ, ỻ∗) < ђ(ỻ, ỻ∗). 

Which fails by our assumption.  

Therefore Ѩ has a unique fixed point in Ϣ. 
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