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INTRODUCTION

One of the most important topics in the development of non
linear analysis is fixed point theory. Fixed point theory has
also been successfully applied to a variety of other fields of
research, including chemistry, biology, economics, computer
science, engineering and a variety of others. The concept of
metric spaces has been generalized in various ways. The ideas

2 PRELIMINARIES

of 2-metric spaces and D-metric spaces were introduced by
Gabhler [5]and Dhage [3],respectively. The theory was further
extended by Mustafa and Sims[6] to G-metric spaces. Novel
concepts of D* and S-metric spaces has been introduced by
Shaban Sedghi[9,10]. In this paper, we find some new results
of rectangular S-metric spaces and prove common fixed point
theorems on some spaces .

Definition 2.1. [12] Let X be a non-empty set and S: X3 — R*, a function that satisfies the following properties:

i.  S(p,q,7) = 0ifand only if p=q=r
11 S(p’qsr)s S(p' p' a) + S(Q: q' a) + S(r’ r’ a)
forall a,p,q,r € X (rectangle in equality)

Definition 2.2. [1] Let X be a non empty set and S: X3 — R™, a function satisfying the following properties:

i. S(p,q,7r) = 0 if and only if p=q=r
i SP.aN< SE.p@ +5a,q9,0) +507,0)

for all p,q,r € X and all distinct points a € X — {p, g, r}. Then (X,S) is called a rectangular S- metric space .

Definition 2.3. [12] let (X, S) be an S-metric space and A € X

i A sequence {x,}in X converges to x if S(x,, x,,x) = 0 asn — oo, that is for every €> 0 there exists ny, € N such

that n = ng, S(x,, X, x) <E. This case ,we denote by lim x,, = x and we say that x is the limit of {x,,} in X.
n—-oo

il. A sequence {x,} is said to be Cauchy sequence if for each €> 0, there exists n, € N such that S(x,, x,, X,,) <€ for each
n,m = ng.
1. The S-metric space (X, S) is said to be complete if every Cauchy sequence is convergent

Definition 2.4. [2] let f and g be weakly compatible self -maps of a set X. If f and g have a unique point of coincidence w = fx =

gx then w is the unique common fixed point of fand g.

Lemma 2.5.[12] If (X, S) is an S-metric space, then we have S(x,x,y) = S(y,y,x)for all x,y € X.

Lemma 2.6.[12] let (X, S) be an S-metric space. If {x,}and {y,} are sequences in X converging to x and y
Respectively, that is ,x, = x and y,, = y asn = oo, then S(x,, xp, ¥n) = S(x,x,y) asn — .

Lemma 2.7.[12] let (X, S) be an S-metric space. If the sequence {x,} in X converges to x ,then the limit x is unique .

Lemma 2.8.[12] let (X, S) be an S-metric space. If the sequence {x,,} in X converges to x, then sequence {x,,} is a Cauchy sequence.
Example 2.9. let X = N U {0}and define S: X x X x X - RTU{0} by
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_ Oifp=q=r
S(p'q'r)_{px+qy+rzifp¢q¢r

Then (X,S) is a rectangular S- metric space.

3. MAIN RESULT
Theorem 3.1:let (X,S) be a complete rectangular S-metric space and let g and h be a self mapping on X. Assume that g and
h satisfies the following condition :
S(gx, 9%, gy) < k[S(gx, gx, hy) + S(gy, gy, hx)]
Where 0< k < 0.1, also,
i g(X)€ h(X)
il. If h(X) is complete
Then g and h have a unique coincidence point in X.
Proof: let x, be any point in X.

Since gx, € g(X)and g(X)< h(X)

There exists a point x,in X such that gx, = gx;.As x; € X, it follows that gx; € g(X).

Thus , we can select x, in X such that gx; = hx,. Repeating this process iteratively we construct a sequence {x,} in

X where x,,,1 € X, satisfies

Gx, = hx,,4 for alln.

Now , consider

Sthxp 1, hxpyq, hxn) = S(gXn, 9Xn, 9Xn-1)

< k[S(gxn' 9Xn hxn—l) + S(gxn—lt 9Xn-1, hxn)]
= k[S(hxn+1r hxn+1: hxn—l) + S(hxn: hxnr hxn)]
=< k[S(hxn+1: hxn+1r hxn) + S(hxn+1: hxn+1: hxn) + S(hxn—lr hxn—lr hxn)]
= k[zs(hxn+1: hxn+1x hxn) + S(hxn—lx hxn—l: hxn)]
= (1 = 2k)S(hxpq1, hxpyq, hxy) < kS(hx,_q, hx,_q, hx,)

= S(hxpiq1, hxnyq, hxy) < T S(hxp_q, hxy_q, hxy)

= tS(hx,, hxy, hx,_1)

Wheret=1_2k

S(hxpeq, hxpeq, hxy) < t"S(hxy, hxy, hxg)
Form,n € N and some N € N with m < n, we have
S(hxy, hxy, hxy,) < S(hxy, hx,, hx,_q) + S(hxy,, hx,, hx,_q) + S(hxy,, hxp, hx,_1)
< t"1S(hxy, hxy, hxg) + t"1S(hxy, hxy, hxg) + S(hxy, Ay, hx,_1)
= 2t" 1S (hxy, hxy, hxy) + S(hxy,, hxp, hx,_1)
< 2t" 1z + [S(hapy, Ay, hxp_3) + S(hXy, RXpm, hay_5) + S(ha,_q, hxp_q1, hXp_3)
Where z = S(hxy, hxy, hxg)
< 2t" 1z + [25(hxy, hxy, hay_5) + t"725(hxy, hxy, hxg)
=2t" 1z + t"%z + 25 (hxp,, hxp, hxp_3)
< 2t" 1z + t" 2z 4 2[2S (hxp, hxpm, hxp_3) + S(hxp_z, hXp_p, hay_3)]
< 2t" 1z + t"2z + 4S(hx,,, hx,,, hx,_3) + 2t"" 3z
< 2tz + t" 2z + 2" 32 + 4[25 (hxpy, hx, hxy_y) + S(hXp_g, AXp_3, hxy_y)]
< 2t" 1z 4+t 22 4 26" 3248S[(hay, Ay, hXp_g)] + 4t™ %z
=2t"" 1z + t" 22 4 2t" 3z 4 4tz 4

— n-1 n-2 g i E
=2t""z+t"z(1+ -+ =+ 5+
t otz 3

2
2"z + "2 2(1 ?)‘1

Where z = S(hxy, hxy, hxy), asn — o
And sincet < 1 we have
lim S (hx,, hx,, hx,,) =0

n—-oo

Since {hx,} is a Cauchy sequence in h(X). Since h(X) is complete , there exist q in h(X) such that hx, = q,as n — oo.
Consequently , we can find p in X such that hp = q.
S(gxn, gXn, gp) < k[S(gXn, gXn, hp) + S(gp, g0, hxy)]
= k[S(hxy41, hxy 41, hp) + S(gp, gp, hxy)
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=k[S(q,9,9) + S(gp, 9, D]
Lettingn — o
S(q,q,9v) < kS(q,q,gp)
Since S(q,q,q) = 0 and k < 1, this is true if S(q, q, gp)
=9gp=q
Therefore gp = hp = q
Hence q is the point of coincidence of g and h.
Now we show that g and h have a unique point of coincidence .
For this assume that there exists another point u € X such that gu = hu = u
Now
S(q.q,u) = S(gp, gp, gu)
< k[S(gp, gp, hu) + S(gu, gu, hp)]
= k[S(q,q,w) + S(w,u, q)]
< k[S(q,q,u) +5(q,q,w)]
= 2kS(q,q,w)
Since k € [0,0.1). It is true if S(q,q,u) = 0. So q = u.
Hence it is proved that g and h have a unique point of coincidence.

Since g and h are weakly compatible. So by proposition 1.4, g and h have a unique common fixed point in X.

4 CONCLUSION

From this paper we conclude the establishment of
common fixed point theorems.

Generalization of S -metric spaces.

Integration and extension of results.
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Applications, 2019(1), 16.
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