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Abstract: In this study, we examine the dynamical behaviors of the discrete form of a
fractional-order predator-prey model with a Holling type II functional response. Specifi-
cally, we analyze the stability of its fixed points and the potential for various bifurcations
by employing stability analysis methods and bifurcation theory. We explicitly show that,
under specific parameter conditions, the system undergoes both a Neimark—Sacker bi-
furcation and a period-doubling bifurcation. Finally, several numerical simulations are

performed to verify the analytical results derived earlier.
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1. Introduction

In the 1920s, Alfred J. Lotka and Vito Volterra laid the groundwork for the modern
study of predator-prey systems, establishing a pivotal theoretical basis for understanding

their dynamics. The Lotka-Volterra model, which depicts the interplay between predator
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and prey populations, swiftly emerged as a central focus in dynamical research. To this
day, investigating the intricate relationships between predators and their preys remains
a prominent and evolving field of study. [1I, 2].
Huang and Ruan [3] investigated the following classical Gause-type predator-prey
model:
& = zg(z, k) — yp(z),
y=y(=d+cq(x)),

here z(t) and y(t) represent the prey and predator densities respectively; the parameters

(1.1)

¢ and d denote the efficiency with which predators convert consumed prey into their own
growth and the predator mortality rate, in that order; g(z, k) characterizes the specific
growth rate of the prey when predators are absent. The predator’s functional response
to prey, denoted as p(z), describes the change in the density of prey attacked by a single
predator per unit time as the prey density varies. Additionally, the function ¢(z) depicts

the manner in which predators transform consumed prey into their own growth. The

max mxz mx

’ a+z? ar?+br+1’ ax?+bxr+17

authors of [3] listed four kinds of functional response p(z) = mx
for modeling the phenomena of predation. In cases where ¢(z) = p(x), the predator-prey
biological model(1.1) incorporating any of the four aforementioned response function
types has been subjected to extensive research. For instance, relevant discussions can be
found in the cited papers [4, 5] [0, [7] and their included references.

In the present study, we shall further examine the predator-prey model featuring the

Holling-1I functional response raised by Wu and Jiao [§] in the case of p(N) = ¢(N) =

alN

TTahN l1.e.

dP __ caNP
0T = Tiany — MP,

where the average growth rate of a typical prey species is assumed to be a logistic model
g(N) = R(1 — %), N and P represent the population densities of the prey and predator
at time 7', in that order; the parameters k, a, and m correspond to the environmental
carrying capacity of the prey in the absence of predators, the prey capture rate, and the
intrinsic mortality rate of the predator, respectively; and c¢ indicates the efficiency with
which ingested prey are converted into predator biomass.

After simplyfing (1.2),we can now study the dynamical behavior of the following

predator-prey system with Holling type II functional response:

du(t) u Huv
dt _Tu(l_z)_&r_u’ (13)
d’U(t) — 01uv — av :
dt o+u :

The framework can be described as follows: In the absence of predator, the prey

population grows in a logistic manner, governed by its intrinsic expansion rate r and the
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ecosystem’s carrying capacity, k. However, the presence of predator leads to a reduction

Ouv
f o+u’

and ¢ is the half-saturation constant. Besides, the predation process follows the Holling

in the prey population by a factor o where 6 represents the maximum predation rate,

type-II functional response, which accounts for the time predator requires to capture and

process their prey. The consumption of prey by predator contributes to an increase in

61uv
o+u

at which consumed prey is converted into predator births, with the constraint ¢, < 6.

the predator population, which is determined by the ratio . Here, 6, denotes the rate

Additionally, natural predator mortality occurs at a rate of a. Notably, the right-
hand side of the second equation in [9] remains non-positive when 6; < a. Therefore,
within the framework of [9], we assume that 6; > a to ensure a biologically meaningful
interpretation.

The notion of fractional derivatives dates back to the 18th century, with Liouville
[10] being the first mathematician to put forward this concept. During the 20th century,
mathematician Riesz first alluded to the concept of fractional derivatives and carried out
studies on its properties in relevant literature. In [I1], combine the studies of Liouville and
Riesz to establish the Riesz—Liouville definition of fractional derivative that has been used
up today. Subsequently, the mathematician Caputo introduced the Caputo definition of

fractional derivative as follow [12].

Definition 1.1. Denote
s f(t)=JfO(t),a >0,

where fO denotes the derivative of f with order 1, | is the nearest integer value of o, and
J? is the operator of the Riemann—Liouville integral of q order:
t -1
yinte) = ol T R
I'(q)
where I'(q) is Euler’s Gamma function, defined by I'(q) = fOJrOO r? e *dx with Re{q} > 0.

The alpha-order Caputo differential operator is the term used to describe the operator Dy

Furthermore, fractional-order differential equations have attracted considerable at-
tention and recognition because of their capacity to precisely characterize various non-
linear phenomena. Additionally, the construction of models grounded in fractional-order
differential equations has become increasingly prevalent in the study of dynamical sys-
tems [13, [14] 15 [16]. Recently, a growing number of researchers have started to explore
fractional-order biological models [17, 18], 19 9] 20]. A key reason for this lies in the fact
that fractional-order differential equations inherently correspond to systems with mem-
ory, a characteristic inherent to most biological systems, and are closely linked to fractals,

which are prevalent in biological contexts. Due to the limited theories for analyzing the

5746 Xianyi Li, [JMCR Volume 13 Issue 10 October 2025



"Neimark-Sacker bifurcation and period-doubling bifurcation for a discretized fractional-order predator-prey
system with Holling type II functional response" Type your text

1 INTRODUCTION

dynamics of fractional-order system, the stability study of fractional-order predator-prey
system is only the beginning.

From a biological perspective, considering a fractional-order predator—prey system
makes logical sense. In fractional calculus, the rate of change at any given moment, i.e.,
the fractional-order derivative, depends on the population density over a specific time in-
terval. Consequently, fractional-order predator—prey systems have distinctive advantages
in depicting the memory effect within populations.

In 2013, Ahmed [21] considered the following fractional-order predator-prey system:
§Dpx(t) = x(t) (a — ba(t) — cy(t)) — hiz(t),

6 Diy(t) = y(t) (—d + ex(t)) — hay(t),

(1.4)

where 0 < o < 1, §Dj is the fractional derivative in the sense of Caputo, z and y
represent prey and predator densities, respectively, and all constants a, b, c,d, e, hy and
hy are positive.

From a biological perspective, incorporating a fractional-order predator—prey system
is well justified. In fractional calculus, the rate of change at any given moment—as
captured by the fractional-order derivative—depends not only on the current population
density but also on its history over a certain time interval. This feature makes fractional-
order predator—prey models especially effective for describing memory effects and long-
term dependencies in population dynamics.

In the past two decades, due to the advantages of fractional derivatives in exploring
the memory effects of various ecological systems, a large number of mathematicians have
shifted their focus to the research of fractional-order ecological systems, and have discov-
ered many interesting dynamical properties, which are documented in relevant references
[22, 23], 24]. Currently, a relatively comprehensive research framework has been developed
for mathematical models of integer-order ecosystems, whereas research on fractional-order
ecosystems remains in its preliminary phase. Thus, the present paper aims to incorpo-
rate the Caputo fractional derivative into system (1.2) and extends it to a fractional-order
ecosystem. We will adopt the Caputo definition of fractional derivative to examine how
the refuge effect in a fractional-order ecosystem influences the system’s dynamics. Ac-
cordingly, we present the following fractional-order predator—prey system incorporating

Holling-II functional response:

{ cDiu(t) =ru (1 — %) — g%i, (1.5)

cD]u(t) = % — av.

where the meanings of all parameters are detailed in Table 1. In terms of integrating the

Caputo fractional differential equation into an ecosystem model, refer also to [25].
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Table 1: Biological meanings of parameters in system (1.5).

Parameter Meaning

U, v Prey and predator population densities respectively

r Prey’s intrinsic grow rate

k Environmental carrying capacity

0 Maximum prey predation level

) Half saturation constant

0, The pace at which prey biomass turns to predator birth
a The predator’s mortality rate

q Order of fractional derivative

Presently, there is a lack of comprehensive dynamical analysis methods for continu-
ous fractional-order predator-prey systems. Typically, it is not feasible to derive an exact
solution for a complex differential equation or system. For example, in the reference
[26], Analyses of fractional-order systems have primarily centered on the global asymp-
totic stability of the predator-extinction equilibrium point. For this reason, numerous
researchers have resorted to computing approximate solutions via computer methods.

Computers operate based on discrete points, making it both natural and practical
to discretize the corresponding continuous model. In the reference [27], The authors
examined a variety of discretized predator-prey models and noted that, in comparison
to their continuous counterparts, these discrete models exhibit a broader spectrum of
dynamical behaviors and present certain advantages in numerical simulations. In the
reference [28], The authors utilized the piecewise constant approximation (PCA) method
to discretize a continuous fractional-order predator—prey system, analyzed its dynamical
properties, and discussed the types of bifurcations exhibited therein. Their research
inspires us to consider the discrete counterpart of system (1.5). Thus, we employ the
PCA method here to discretize model (1.5), with the specific steps outlined as follows.

Suppose the initial conditions of system (1.5) are u(0) = wuy and v(0) = wvy. For
a given step size p, denote u(np) = u, and v(np) = v, for n = 0,1,2,---. The PCA

method is as follows:
eDu(t) = ru (o []) (1- u(p[;])) _ ouleEDe(e )

L)\ stu(plf])
§Dpu(t) = 2D —au (o[2]).

First, let ¢t € [0, p), then f; € [0,1). Thus, we obtain

{8WWFﬂWO—%—$%7 (1.6)

c N9 _ Brugug
6D} v(t) = F2 — avy.
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The system (1.6) may be changed into

u(t) =ug+ J <7’u0 <1 — @> — 01UOUO>

k 5+U0

. I te (1 _ U()) _ 91’&01)0
- al'(«) o k d+ug )’

Second, let t € [p,2p), so % € [1,2). Then

cDju(t) = 951_1:—511 — avy.

Upon simplifying equation (1.7), the following solution can be derived

u(t) =u + J, (rul (1 — ﬂ) _ fun >

k 0 + uy
B (t—p)* Uy Ouqv;
ot al'(«) i <1 k ) d+u )’

o(t) =v + 7, <¢91U101 - Cw1)

5 + (A}
. (t — p)oz 91'&1?}1
= v + aT(a) \o1a )

where J* = ﬁ f:(t —7.)* 1., 0 < a < 1. After n iterations, the result obtained is as

follows

u(t) = u, + LS (t —np)” (mn (1 B @) B Qunvn> |

Cal(a) k d + up

)
o(t) = v, + - e (G ).

where t € [np, (n+ 1)p). Letting t — ((n + 1)p)~, the system above reads

— _p* _ un) _ Oupun
Unt+1 = Un + FraT) (Tun (1 k ) 5+un> ;
_ p< O1unvn
Unt1 = Up + I(a+1) < O+, aUn

(1.8)
System (1.8) is our goal to considered in the paper and the meanings of the parameters
in system (1.8) are the same as in Table 1.

The remaining structure of this paper is organized as follows: In Section 2, rele-
vant preliminaries are presented, including definitions, lemmas, and theorems that will

be applied to analyze the dynamical properties of system (1.8). Section 3 investigates
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the existence and stability of the fixed points of system (1.8) respectively. In Section
4, we demonstrate that under specific parameter conditions, system (1.8) undergoes a
Neimark—Sacker bifurcation and a period-doubling bifurcation. Section 5 conducts nu-
merical simulations to verify the findings of our theoretical analysis. Finally, in Section 6,

significant conclusions are drawn based on the results obtained in the preceding sections.

2. The Existence and Stability of Fixed Points

In this section, we first determine the fixed points of system (1.8) and then examine
their local stability.

It is clear that system (1.8) always has fixed points Ey(0,0) and E;(k,0) for all
parameter values. Aside from these two fixed points, system (1.8) has a unique coexistence

fixed point Ey(z*, y*) if 6, > 6+k , Where z* = el‘lfa, Y= W.

The Jacobian matrix of system (1.8) at any fixed point F(u,,v,) takes the form:

_p 2un 06vn ¢ OQun
J(E) = 1+ F(Opfﬂ) (T(l N T) N (5+un)2> I‘(Z+1) Stun
N * 016vp 01un
I(a+1) (5iun)2 L+ 755 F(a—i—l) 6—1|—un o )

The characteristic polynomial of the Jacobian matrix J(E) reads

F(\) =M —pA+q,

where
o 2uy, Oov,, O1uy,
—9oy__F 1— _ _
b +F(a+1) {r( k) (5—|—un)2+5+un “
v ( P )2 00,80,
q = a11022 T(a+ 1) (5+un)37
b =1 -I— Bov,,
e a+1 (G +un)?)
91un
=1
2= F T a+1 ((H—un )
Now let A = +1 and €2 = gjrlz — a. The following results are obtained.

Theorem 2.1. The following assertions regarding the trivial equilibrium point Eq(0,0)
of system (1.8) hold true.

(1) If A > %, then Ey is an unstable node, i.e., a source;

(2) if A = %, then Ey is non-hyperbolic;

(3) if A < 2, then Ey is a saddle.
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Proof. Substituting the trivial equilibrium point E (0,0) into the Jacobian matrix

J(E), we obtain
1+ Ar 0
J(Ey) = :
(Eo) ( 0 1 —Aa)

It is straightforward to observe that the Jacobian matrix J(Fy) has two eigenvalues that
satisfy the following condition: |A| = |1 + Ar| > 1 and |X\o| = |1 — Aa| < (=,>)1 for

A < (=,>)2. By using Definition 2.3, we can derive these conclusions in Theorem 3.1.

Theorem 2.2. The following conclusions apply to the fized point Ey(k,0) of system (1.8).
1. If 6 > w, then,
(1) for A > %, Ey is an unstable node, i.e., a source;
(2) for A = %, E4 is non-hyperbolic;
(3) for A < 2, F is a saddle.
2. If0, = w, then, Eq is non-hyperbolic.
3. If0; < W, consider the following three situations:

k
(1) =% < 2. Then,
(a) for 0 < A < =2, By is a saddle;
(b) for A = —%, E is non-hyperbolic;
(c) for —% <A< %, E1 is a stable node, i.e., a sink;
(d) for A = %, Ey is non-hyperbolic;
(¢) for A > 2 E; is a saddle.
(2) =& = 2. Then,
(a) for 0 < A < 2, Ey is a saddle;
(b) for A = %, E is non-hyperbolic;
(c) for A > 2, E; is a saddle.
(3) =& > 2. Then,
(a) for 0 < A < 2, Ey is a saddle;
(b) for A = %, E is non-hyperbolic;
(c) for % <A< —%, E1 is an unstable node, i.e., a source;
(d) for A = —%, E1 is non-hyperbolic;
(e) for A > =2, Fy is a saddle.

Proof. Substituting the trivial equilibrium point E;(k,0) into the Jacobian matrix
J(E), yields the following result

1—Ar —Ak
i) - ( )

Obviously, Ay =1 —Arand Ay =1+ A(gjr—kk —a). Now consider the following three case.
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Case 1: 0; > ““™ Then &k — ¢ > 0. So [As| > L. If A > 2, then |[\y| > 1, s0 E|

is an unsatble node, namely, a source; if A = %, then |A;| = 1, so F; is non-hyperbolic;
if A <2 then |\| <1, s0 E; is a saddle.

Case 2: 0, = 5+k . Then gjrkk a =0, s0 |\z] =1, and hence F; is non-hyperbolic.
Case 3: 0, < == §+k . Then Q2 = gjrlz a < 0. Hence \y = 1+ AQ < 1. Consider the

following three 51tuat10ns.

(1) —2 < 2. We further consider the following five cases:

(a) 0 < A < —2. Lemma 1 (i.3) reads |[A\| < 1 and |Xo| > 1, implying E is a
saddle.

(b) A =—2. Then A\, = —1. So Ej is non-hyperbolic.

(c) =& <A < 2. Then |A\| <1, |[Xo| < 1. This indicates that E; is a stable node,
i.e., a sink.

(d) A =2. Then \; = —1. So E; is non-hyperbolic.

() A > 2. Then |\i| > 1, |Xs| < 1, reading that E; is a saddle.

(2) —2 = 2. We further consider the following three cases:

(a) 0 < A < 2. Then |\| <1, |Xo| > 1. Therefore, E; is a saddle.

(b) A = 2. Then A\; = —1, which shows E; is non-hyperbolic.

(c) A > 2. Then [\;| > 1, [A2] < 1, that displays that E; is a saddle.

(3) —2 > 2. We further consider the following five cases:

(a) 0 < A < 2. Then |\| <1, |Xo| > 1, saying E; is a saddle.

(b) A = 2. Then \; = —1. So E; is non-hyperbolic.

(c) 2 <A< —2. Then [\i] > 1, [As] > 1, showing E; is an unstable node, ie., a
source.

(d) A =—2. Then A, = —1. Hence E; is non-hyperbolic.

(e) A > —2. Then |\] > 1, |[Xo| < 1. That is to say, E; is a saddle.

The proof is over.

00,0v* 2ru* ro(l — %
Theorem 2.3. Let A) = m and Ay =1 — T ((5+u ©) .When a < ,f_flé,

) is a positive fixed point of system (1.8). Then the results

B, — ( ad  1601(k01—a(k+9))
2 =7 \g—a k0(61—a)?

summarized in Tables 2 are valid for the positive fized points Ey of system (1.8) .
Proof. The Jacobian matrix of system (1.8) at the fixed point Ey may be simplified

1+AA4, —A0
J(E2)Z< AﬂQ 1)

0

into

From this, we derive the characteristic polynomial of the Jacobian matrix J(Es2)

F(\) = N —pA+q,
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where
p= 2+ AA,,

q = 1+AA2+A2A1

It is clear that

F(1) = A?A; >0 and
F(—=1) =4+ 2AA; + AA;.

Note also that ¢ > (=,<)1 & A > (=,<) — ﬁ—f. Now, consider the following three

cases:

Case 1: A% —4A; <0.

This implies that F'(—1) > 0. Now, we consider the following three subcases:

Subcase 1: A < —ﬁ—f.

Then, ¢ < 1. Lemma 1 reads |\| < 1 and |As| < 1. Thus, E, is a stable node, i.e.,

a sink.

Subcase 2: A = — 42

Then, g =1,—-2 < p < 2, so F5 is non-hyperbolic.

Subcase 3: A > —ﬁ—f.

Then, ¢ > 1. Thus, |A;| > 1, |A2] > 1, and hence FE, is an unstable node, i.e., a

source.

Case 2: A3 —4A, =0.

Consider the following three subcases:

Subcase 1: A < —i—f.

Then, F(—1) > 0, ¢ < 1. Hence, |A1| < 1, |A2] < 1, and so Es is a stable node, i.e.,

a sink.

Subcase 2: A = _ﬁ_?_

Then, F(—1) = 0. Thus, E, is non-hyperbolic.
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Subcase 3: A > —ﬁ—f.

Then, F'(—1) > 0 and ¢ > 1. It follows from Lemma 1 (i4) that |A;| > 1 and |\o| > 1.

Thus, F5 is an unstable node, i.e., a source.

Case 3: A3 —4A; > 0.

Then, Ay > 2y/A; or Ay < —24/A;. Consider the following two subcases:

Subcase 1: Ay > 21/ A;.

Then, A > 0 > ety At ”Aflg% > —ﬁ—f. So, F(—=1) > 0, ¢ > 1, which, in view of

Lemma 1 (i.4), implies |\;| > 1 and |Ag| > 1. Thus, E is an unstable node, i.e., a source.

Subcase 2: Ay < —2v/A;.

We further consider the following five subsubcases:
Subsubcase 1: 0 < A < —2FVA-44 VAf%% < ﬁ—f.
Then, F(—1) > 0,¢q < 1, indicating |A| < 1, [A2| < 1. Hence, E; is a stable node,
i.e., a sink.
Subsubcase 2: A = —22-vA—th VAI;X%_A‘AI.
Then, F(—1) =0 and so Es is non-hyperbolic.
Subsubcase 3: _22-VAiTih ”A?%% < A < VA4 VA?%%.
Then, F(—1) < 0. In light of Lemma 1 (i.3), E> is a saddle.
_ /214,
Subsubcase 4: A = w.
Then, F(—1) =0 and so Es is non-hyperbolic.
_ /214,
Subsubcase 5: A > w > ﬁ—f.

Then, F(—=1) > 0, ¢ > 1 and so |\1| > 1, |[\y| > 1. Therefore, Ey is an unstable
node, i.e., a source.
The proof is finished.
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Table 2. Properties of the fixed point Ey of system (1.8).

Conditions Eigenvalues Properties

A< —% A <1, [Aq] <1 stable node
A3 —44<0 A= —% A1l =1or|X] =1 non-hyperbolic
A>—42 M| > 1, Ao >1 unstable node

A< —’2—? A1 < 1, [Ao] <1 stable node
A —4A4 =0 A= —% M =1or |\ =1 non-hyperbolic
A > —% A1 > 1, Ao > 1 unstable node

Ay > 2¢/A; Al > 1, |\ > 1 unstable node

A < TV AT ”Af%_“‘l M <1, |\l <1 stable node

A = %‘lm |A1] = (#)1, |A2] # (=)1  non-hyperbolic

A2 — 44, >0 —A2—y/AS—4AL W <A
|A1] < ()1, |Aa] > ()1 saddle
Ay < =2vAL ety AR-aA

Ay

A = %fm |IA1] # (=)1, |A2] = (#)1 non-hyperbolic

p— D 2_
As —Ast/A—dA; Al > 1 | > 1 unstable node

Ay
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3 BIFURCATION ANALYSIS

3. Bifurcation Analysis

In this section, we primarily utilize the Center Manifold Theorem and local bifurca-
tion theory to analyze the local bifurcation behavior of system (1.8) at the fixed point F,
taking into account its practical biological significance.

3.1. Neimark—Sacker Bifurcation at the Fixed Point F,

From Case 1 in the proof of Theorem 3.3 for the stability of the positive fixed point
Ejs.it can be observed that the dimensions of both the stable manifold and the unstable
manifold of system (1.8) at the positive fixed point Fy undergo changes when A varies
in the vicinity of Ay (correspondingly, p varies in the vicinity of pg) for A < 49, where

Ay = ‘:—j, po = (T(a+ 1)Ag)= (3.1)
Thus, a bifurcation may arise, which will later be shown to be a Neimark—Sacker bifur-

cation. Let

ko
S ={(0,61,6,k,h,r,a,q,a,p) € R|a < ? +16’A§ — 44, < 0}.

To investigate the Neimark—Sacker bifurcation, the following steps are carried out.

Let x, = u, — x*, y, = v, — y*, which transforms the fixed point F, to the origin
0(0,0). Assume that p* is a small perturbation of p, i.e., p* = p — po, with 0 < |p*| < 1.

After undergoing translation and perturbation, system (1.8) assumes the following form:

Tpi1 = Tp + L1202 <T(a:n + %) (1 — k) — 9($n+$*)(yn+y*)> 7

T'(a+1) O+xn+a* (3 2)
* «@ 9 Tn 1.* n * * *
Ynt1 =Yn + (pr(;riol)) < ! 5J+rxn)+(?jc*+y L alyn +y >> ‘

Expanding system (3.2) around O(0,0) using the Taylor series up to the third order
yields the following system::

4
2 2
Tpt1 = €10Tn + €01Yn + €207, + €11T0Yn + €02Y,,

+ 630$‘:’L + 62196%?/71 + 612%3/2 + 603?/2 + O(P?{)a (3.3)
Yn+1 = CroTn + Co1Yn + C209€i + CliTnYn + Cozyi

+ C30$§l + Czlﬁiyn + §12$ny721 + €03?J§L + 0(/0?)7
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where p; = /22 + 92,

(p" + po)® " Oy (p" + po)* O
€10 * [(a+1) " k P F(a+1) 6+ a*
(p" +po)* [ Oy* (p* +po)* 0
—_ — — g O = —
€20 Fla+1) |k + Gt ) €02 = U, €11 Tla+1) 6 +a
o=t tpo) (2 20y N () 0
50 Ta+1) \kB2 " ((+a*)3) % 7% Tla+1) (64242 2 7
(" +po)* Ohy* (p* +po)* [ 1"
Gio F(a+1)5—|—$*’<01 * Tlat1) 01z 0 =0,
Cor = 0. Ciy = (p* 4+ po)* b Cao = (" + po)® 201y
T Pa+1) 6+ T Tla+1) 0+a29)%
* + « 9
Coz = 0,Co1 = (o + o) : G2 = 0.

Fla+1) (0 + a*)?’

The characteristic equation of the linearized equation of system (3.3) is
F(A) =X = p(p")A +q(p*) =0,

where p(p*) = 2 — AA(p"), q(p") = 1 — AA(p") + AQA (p*), A(p*) = Y2225, Noting

that A(0) = Ag and p?(0) —4q(0) = AZ(A%—4AQ) < 0, the two roots of the characteristic

equation are

p () £iv/Aq(p7) —1* (7).

A2 (p") = 5
Moreover,
A2 (P Wlpeco = Valor)] =1,
<d|/\1,2 (P*)|> _ apy A 20
dp* =0 2+ 1) .

It is evident that | ,(0) # 1, for i = 1, 2, 3, 4. Thus, the transversality and non-
degeneracy conditions required for the occurrence of a Neimark—Sacker bifurcation are
satisfied.

In order to derive the normal form of system (3.3), let

Transform the variables x and y to
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($a y)T = T(Uv V)T7

then, system (3.3) becomes to the following form:
U — U FU,V 5
14 pow ) \V G(U.V) +o(p3)
where py = vu? + v2,

F(U, V) == CQ()U2 + CnUV + 002V2 + C30U3 -+ 021U2V + 012Uv2 + Cogvg,

G(U,V) = dyU? + djyUV + dpoV? + dsoU? + dpy UV + dioUV? + do3V?,

Withu:w—i-g,andv:i,
Heo1 Y €o1
€oo(w — 1 erp(w—1 €gp(w —1
C20 = el 1) + @, C11 = ulw 1) + @7 Coz = fale 1) + @,
Heo1 K 2101 2 He€o1 v
€qo(w — 1 €or(w — 1 €pp(w —1
C30 = —30< ) + @, Co1 = —21( ) + @, Cl2 = —12( ) + @7
HE€o1 M He€o1 2 He€o1 K
eoz(w — 1 C03 €20 €11 €02 €30
Co3 = ( ) —, dy=—, dy=—, dpp=—, dy=—,
He€on1 H €01 €01 €01 €01
€21 €12 €03
doyy = —, dig=—, doz=—.
€01 €01 €01
Moreover,

Fuuloo) = 2co2it®s, Fuv00) = crieotpt + 2coop(1 — w),
Fvvloo = 2cq0€0; + 2¢11€01(1 — w), Fuuuloo) = 6cospt’,
Fuuvlo0) = 2¢o1€01 1% + 6o (1 — w),
Fyvvloo) = 2o €0, 1t + 4craer (1 — w) + 6egzpu(1 — w)?,
Fyvvloo =4(1 — w)? + 6esgen; + dearen; (1 — w) + 6cia601 (1 — w)?,
Guuloo) = 2dpa i, Guvlo,0) = direorpt + 2doap(l — w),
Gyvlo0) = 2daoeg, + 2diien (1 —w),  Guuuloe = 6cost’,
Guovloo = 2dy €01 11* + 6dosp® (1 — w),
Guvvloo = 2dneg o+ 4disepr (1 — w) + 6dozp(l — w)?,
Gvvvlo0 = 4(1 — w)? 4 6dspes, + ddared, (1 — w) + 6digegr (1 — w)?.
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To confirm that system (1.8) undergoes a Neimark-Sacker bifurcation and to deter-
mine the stability and direction of the bifurcation curve, the discriminant L. needs to be

computed and must not be zero, where

1 —2X)\2 1
L = —Re (%7207—11) - §|7_11|2 - |7—02|2 + Re(/\QTQI)v (35)
- A1l

1 .
Tog = = [FXX — FYY + QGXY + Z(GX'AX - GYY - 2FXY)] ‘(070)7

CO| = x| —= 00

T2 = = [Fxx — Fyy — 2Gxy +i(Gxx — Gyy + 2Fxv)] |0.0),

1 )
™= 16 [Fxxx + Fxyy + Gxxy + Gyyy +i(Gxxx + Gxyy — Fxxy — Fyyy)] 0,0)-

According to [29], we now come to the following conclusion as a result of the analysis

derived above.

Theorem 3.1. Let the parameters (0,601,9,k, h,r,a,q,a,p) € S and Ao and py be defined
asin (3.1). L is defined in (3.5). If the parameter p varies in a vicinity of py (correspond-
ingly, A wvaries around Ag) and L # 0, then system (1.8) undergoes a Neimark-Sacker
bifurcation at the fized point Ey. Moreover, if L < (>)0, a stable (an unstable) smooth

closed invariant curve can be bifurcated out and the bifurcation is supercritical (subcriti-
cal).

3.2. Period-Doubling Bifurcation at the Fixed Point FE,

From Case 3 in the proof of Theorem 2.3 concerning the stability of the positive fixed
point Ejy, it can be observed that the dimensions of the stable and unstable manifolds of
system (1.8) at Fy undergo changes when A varies in the vicinity of A; (correspondingly,

p varies in the vicinity of pg) for A > 4Q, where

Q=

Ay + /A3 —4A
A =22 A? Lo opo=T(a+1)Ay) (3.6)
1

Hence, a bifurcation may take place. Noting that A\; = —1 and |[Ag| # 1 for A = Ay, it
can be concluded that this bifurcation is of the period-doubling type. Let

k6
S1={0,01,6,k,h,r,a,q,a,p € R}r0|a < ? +15,A2 < —=2y/ A1}

To analyze the period-doubling bifurcation of system (1.8) at the fixed point Es, it
A2
suffices for us to consider A to vary in the neighbourhood of A; = AQJFA—M. The proof

Ag—y/A2—4A,

for the case where A, = R is entirely analogous and will be omitted here. We

now proceed as follows.
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Put x, = u, —2* and y,, = v, —y*, which transforms the fixed point Fs to the origin
0(0,0). Consider p* as a small perturbation of p, namely, p* = p— po, with 0 < |p*| < 1.
The perturbation takes system (1.8) into

Tp+1 = Tp + (o"+p0)* <T($n + ZL'*) (1 - xn-HU*) - G(wn+$*)(yn+y*)> )

T'(a+1) k O+xn+a* (3 7)
Ynt1 = Yn + (/I)“(Ziol)) <01(x%i§n)+(iz+y ) — a(yn + y*>> '
Set pi. 1 = p}, = p*, then system (4.7) can be seen as
* « * Ttz O(zn+ax* n *
Tnt1 = Tp + ("1:(;7_01)) (T<xn +at) (1 - =) — : 5++:c,3%x*+y )> ’
Yni1 = Y + G2 <6“x%iﬁifiﬁ+y” — alyn +—y*)>, (38)
Ppt1 = Pr-
Taylor expanding system (4.8) at (x,, v, p) = (0,0,0) results in
T, €100 €10 0 [zn M (20, Yn, p,) + 0(p3)
Yn | = | Cro0 Coo O Yn | + | N(nsyn: p5) +0(03) | (3.9)
o, o 0 1) \p 0

where pg = (/a7 +y5 + 2,

* 2 2 ) " X
My, Yn, pr) =€200%; + €020Y;, + €0020s + €110TnYn + €101T0n Py + €011Ynp),
3 3 3 2 2
+ €3007;, + €030Y,, t+ €0030," T €210T,Yn T €120TnY,

2 % *2 2 % *2 *
+ €2012,,0,, T €102Tn P, + €021Yp,Pn t €012YnpPy, T+ €E111T0Yn Py,

N(Zn; Yn, py) :C200£17i + C020y721 + Coozp;? + C110TnYn + Clo1Zn 0y, + Co11Ynpy,
+ C300$§Z + Co:soyi + C003P:13 + C210$721yn + Cmo%yi
+ Gnaph + CoaTapl’ + Conyaps + Cor2ynply + C1TnYnpl,
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e 1 W1Wws I _chl:v*
100 = —F(a+1)’ 010 = —ws ;
wWiWws WiWsWy
€200 = —m;%m =0, €go2 = my
e Bwwr o awiw
110 Tat1) 101 e
o abx*w,
T 0+ e T(a+ 1)

_ bun y- oy

O TPy )\ Gt Grai)
0 WiWs (042 a a3)

€30 =0,603= >~ —= — —= — —= |,

T T T+ 1) \ 208 395 603

. O, z* B 1

T T+ ) \G+2)p  (G+a)2)’

Ox*ww
€120 = 0, €021 = 0, €012 = %7

8

o W Ws e abwiwy S WiWawy
201 We ; €111 We ; €102 F(Oé"—l),
g (919193 g 9192
100 = F(a 1)’ 010 = —F(Oz—I—l)’

. 819196 . o 91Q2Q4
CQOO__F( +1)’C020_0’C002_F(Oé+1)’
Ciio = ALLL: , Clor = M

I(a+1) Q
Cort = _069195 Caoo = 0 Y _ z'y*
0,0, a? o a?
Goso = 0,6 :—(————— ,
T T T a+1) 208 307 643
C 9191 ( l’* ]_ >
T Ta+ ) \G+a P (+z)2)
a0
CIQO - O?COQI - 07(201 - _%7
7
C 919295 C 81919293 C _ _04919198
012 = (a 1)’ 102 = —F(a+1)’ 111 —97 ;
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_ alog p* :9 y* B x*y* 'T_*_l ,,,,_x*
wre=e 2 ((5+:c* (0 + x*)? +r k + k-’

wg = ra* x—*—l —i—ﬂw— °__ o
T k S+a 20 2(pt)”
y* I*y* r
=4 — - — =p'T 1
0 <(5+x*)2 ((5+m*)3) poo=etlatl)
r* 1

W7 (5_’_1‘*)2 5+x*,u}8 (Oé+ )( +ZL’),
2
. Q o)
Q = 8" O, = - ;
2(p*)*  2(p*)?
Q5 = — Q =ay* —
STt (6402t A S
= qQ— — = -
° S+x 0 T (04 a2 (6+a)?
T* 1

Q7 =p'T(a+1),0s = (6 + 2*)2 T

€100 €010
T = ,
—1—€100 A2 — €100

which is invertible. Now, using the transformation
Tn\ _mp % |
Yn Un

~ ~ * * %
un—i—l:_un'}_M(un_x yUn — Y uon)v

Take

system (4.9) becomes

(3.10)
Ups1 = AUy + N(up, — 2%, 0, — y*, pl).

System (4.10) has a center manifold W<¢(0,0,0) at (0,0) in the neighborhood of

p* = 0, which can be deduced using the center manifold theorem and essentially expressed

as follows:
wWe(0,0,0) = {(ﬂn,f;n,p*) € R : 0, = ma2 + noiinp*™ + o0 ((]1]”] + ]p*\)2)} ,

where

_ €010 ((1 + €100) €200 + €010C200) + Co20(1 + 6100)2 — (1 + €100) (e110(1 + €100) + €010C110)
n 13 ’
= (14 €100) (€011 (1 + €100) + €010C011) _ (14 €100) (€101 + €010C101)
2 6010(1 + /\2)2 (]. + /\2>2 .

So, system (4.10) restrained on the center manifold 1W¢(0,0,0) has the following form:

U1 = —ln + 0102 + Osl,p* + 0307 p* + Oaitp™® + 055 + o (|G| + 07])?) = Z (i, p7),
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where
0. — n2((A2 — 1) €200 — M2C200) B Co2o(1 + 771)2 B (14 n1)((A2 — m1)€erro — M2€110)
! 1+ X 1+ A 1+ A ’
6, — ()\2 - 771)6101 - 772C101 o (1 + 771)((>\2 - 7}1)6011 - U2C011)
? 14+ Ao n2(1+ Ag) ’
0. — ()\2 - 6100)7716101 - 6010(101 (()\2 - 6100)6011 - 7)2(011)0\2 - 6100)771
3 1+ )\2 6010(1 + )\2)
(1 - 6100)((/\2 - E100)6111 - 6010(111) 6010((/\2 - 6100)6201 - 6010(201)
— +
14+ X 14+ X
B C021(1 - 6100)2 26100772(()\2 - 6100)6200 - 6010(200)
14+ X 14+ X
2C020772(1 + 6100)()\2 - 6100) 772(()\2 - E100)6110 - 6010C110)()\2 —-1- 26100)
+ + ,
14+ Ao 14+ Ay
0, — 7]2(()\2 - 6100)6101 - 6010C101) + ((>\2 - 6100)6011 - T}2C011)()\2 - 6100)772
4 1+ )\2 6010(1 + )\2)
2€010m2((A2 — €100)€200 — €010C200)  2C020m2(1 + €100) (A2 — €100)
+ +
1+ Ao 1+ A
N2(A2 — 1 — 2€100) (A2 — €100)€110 — €010C110)
+ ;
14+ X
0. — 2€010m1 ((A2 — €100)€200 — €010C200) | M(A2 — 1 — 2€100) ((A2 — €100)€200 — €010C200)
5 = +
14+ X 2+ Ao
2C020771()\2 - 6100)(1 + 6100) 7)3(()\2 - 6100)6300 - 6010C300)
+ +
1+ X 14+ X
. 772(1 + 6100)(()\2 - 6100)6210 - 6010(210)
14+ Ao ’

In order for the period-doubling bifurcation to occur, the two determinating quanti-

1937 1922\2
) CQ - = a~3 + . 8~2
0,0) 6 Ou 2 0u

Finally, the outcome of the above analysis may be summarized as follows.

ties ¢; and (» must be nonzero, where

0*Z 107 0*Z
G = = + = =
oudp*  20p* 0u

(070)‘

Theorem 3.2. Assume that the parameters (0,01,0,k, h,r,a,q,a, p) € S, with Ay and py de-
fined as in (3.6). When the parameter p varies within a neighborhood of py (and corre-
spondingly, A changes around Ag) and (1(y # 0, system (1.8) undergoes a period-doubling
bifurcation at the fized point Es. Moreover, if (3 > 0 ({2 < 0), the period-two orbit bifur-

cating from FEy is stable (unstable).

4. Numerical Simulation

In this section, we perform numerical simulations for the dynamical behavior of
systems (1.8) using Matlab, aiming to provide readers with a more intuitive understanding

to the dynamics of systems (1.8).
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First, we fix the parameter values as « = 0.6, a =02,0 =156, =1, 0 =5,k =
3, 7 =0.2, and let p € (0,10). Figure 1 presents the bifurcation diagram of system (1.8)
initiated from the point (ug,vo) = (0.6,0.2), from which it is evident that system (1.8)

undergoes a Neimark—Sacker bifurcation at the critical value pg = 1.591936.

25

S 15

051

Figure 1: The existence of a Neimark—Sacker bifurcation in system (1.8) as p takes values
from 0 to 10.

Figure 2: The existence of a period-doubling bifurcation in system (1.8) as p takes values

from 0.5 to 5.5.

With the values a = 0.58;a = 0.304;0 = 2.2;0; = 1.415;0 = 4;k = 3;r = 0.865,
Figure 2 is the bifurcation diagram of system (1.8) starting from the point (ug,vg) =
(0.7,0.2). We can clearly observe that system (1.8) undergoes a period-doubling bifurca-
tion at the critical value py = 0.81683.

Figure 3 depicts the phase diagram of system (1.8) starting from the point (ug, vg) =
(2.551020,0.287415) with parameters a = 0.6,¢ = 0.4,d = 0.5,e = 0.6,k = 6,m =
0.3,7 = 0.2. We can observe that as p increases, the equilibrium point gradually transits

from stable state to unstable state, and an invariant closed curve emerges.
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Figure 3: Phase portraits of system (1.6) with a = 0.6,a =0.2,0 = 15,60, = 1,6 =5,k =
3,7 = 0.2 and different p when the initial value (xo, yo) = (2.551020, 0.287415).

5. Conclusion

In this paper, we explore the discrete form of a fractional-order predator-prey model
incorporating the Holling type II functional response. Following the simplification of

system (1.2), we have enhanced the model’s realism. Given the current scarcity of effec-
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tive approaches for investigating the dynamics of fractional-order differential systems,
we adopt the piecewise constant approximation method to discretize the continuous
fractional-order predator-prey system (1.5) in this study. We then analyze its dynamical
characteristics and discuss the types of bifurcations exhibited by the system. Given pa-

rameter conditions, we completely formulate the existence and stability of nonnegative

fixed points Ey = (0,0), Ey = (k,0) and E» = (52, e(gje_la) (1 - k(e?_a))) for a < £

We derive sufficient conditions for the occurrence of Neimark-Sacker and period-

doubling bifurcations at the fixed point F5 within certain parameter spaces. Additionally,
we analyze the stability and direction of the resulting closed orbits. Finally, numerical
simulations are presented to illustrate intriguing dynamical behaviors associated with
these bifurcations.

Through analytical and numerical investigations of the positive fixed point Es, we
arrive at the following conclusions: When the parameter p exceeds a critical threshold,
the system transitions to a stable limit cycle. This indicates that under appropriate
conditions, both predator and prey populations are capable of coexisting in a dynamically
stable state.
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Apendix
In this section, we primarily introduce the definition and some conclusions of Caputo

fractional derivative that are necessary for our subsequent research.
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Definition 5.1. [?0] Under the definition of Caputo fractional derivative, the fractional
derivative of function f(§) € AC™([0, +o0],R) is given as

C Nna o ¢ f(n)(,ﬁ)
0850 = || e g

where o denotes the order of the fractional derivative, and n is the integer closest to o such
thatn < a <n -+ 1.
When n = 1, the fractional derivative gD?f(S) takes the form of

e [ S0
020 = | e =

Definition 5.2. [29] The Mittag—Leffier function, denoted as Mi, where the order i of Mi is

positive, is defined as follows:

NG
M;(C) —jzom,(] eC

when the series converges.

Definition 5.3. [31)] Let Q(u,v) be a fized piont of system (1.8) with multipliers Ay and
Ao.

(1) If |\1] < 1 and |\o| < 1, then the fized point Q(u,v) is called a sink, and a sink
18 locally asymptotically stable.

(i) If |\1| > 1 and |Xo| > 1, the the fized point Q(u,v) is called a source, and a
source s locally unstable.

(111) If |\1] < 1 and |Ao| > 1 (or |A| > 1 and |\2] < 1), then the fized point Q(u,v)
15 called a saddle.

(iv) If either |\i| = 1 or |\a| = 1, then the fized point Q(u,v) is called non-hyperbolic.

Lemma 1. [29] Let F((\) = \>+ BA+C, where B and C are two real constants. Suppose
A1 and Ay are two roots of F'(A) = 0. Then, the following statements hold.
i) If F(1) > 0, then
i.1)|A] < 1 and |As] < 1if and only if F(—1) > 0 and C < 1;
1.2) Ay = —1 and Ay # —1 if and only if F(—1) =0 and B # 2;
1.3) [A\1| < 1 and |A] > 1 if and only if F'(—1) < 0;
i.4) [A| > 1 and |Ay] > 1 if and only if F(—1) > 0 and C > 1;
i.5) A1 and Ay are a pair of conjugate complex roots and |A;| = |Ay] = 1 if and only
if -2<B<2and C =1:
(1.6) Ay = A = —1 if and only if F(—1) =0 and B = 2.
(ii) If F(1) = 0, namely, 1 is a root of F'(\) = 0, then the another root X\ satisfies
|A| = (<, >)1if and only if |C| = (<, >)1.

N N N N /N /N
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(iii) If F(1) < 0, then F(X\) = 0 has one root lying in (1, c0). Moreover,
(iii.1) the other root A satisfies A < (=) — 1 if and only if F'(—1) < (=)0;
(iii.2) the other root —1 < A < 1 if and only if F/(—1) > 0.

CRediT

References

[1] Q. Din. Complexity and chaos control in a discrete-time prey-predator model. Com-

munications in Nonlinear Science and Numerical Stmulation, 49:113-134, 2017.

[2] Y. Liu and X. Li. Dynamics of a discrete predator-prey model with holling-ii func-
tional response. International Journal of Biomathematics, 14(08):2150068, 2021.

[3] J.C. Huang, S. G. Ruan, and J. Song. Bifurcations in a predator-prey system of leslie
type with generalized holling type iii functional response. Journal of Differential
Equations, 257:1721-1752, 2014.

[4] R.P. Gupta and P. Chandra. Bifurcation analysis of modified leslie-gower predator-
prey model with michaelis-menten type prey harvesting. Journal of Mathematical
Analysis and Applications, 398:278-295, 2013.

[5] Y. Kuang. Uniqueness of limit cycles in gause type models of predator-prey systems.
Applied Analysis, 88:67-84, 1988.

[6] Y. Lamontagne, C. Coutu, and C. Rousseau. Bifurcation analysis of a predator-prey
system with generalised holling type iii functional response. Journal of Dynamics
and Differential Equations, 20:535-571, 2008.

[7] G.Seo and D. L. DeAngelis. A predator-prey model with a holling type i functional
response including a predator mutual interference. Journal of Nonlinear Science,
21:811-833, 2011.

8] F. Wu and Y. J. Jiao. Stability and hopf bifurcation of a predator-prey model.
Boundary Value Problems, 129:1-11, 2019.

9] F. A. Rihan, S. Lakshmanan, A. H. Hashish, R. Rakkiyappan, and E. Ahmed.
Fractional-order delayed predator—prey systems with holling type-ii functional re-
sponse. Nonlinear Dynamics, 80(1-2):777-789, 2015.

[10] Joseph Liouville. Troisieme mémoire sur le développement des fonctions ou parties

de fonctions en séries dont les divers termes sont assujettis a satisfaire a une méme

5768 Xianyi Li, IJMCR Volume 13 Issue 10 October 2025



"Neimark-Sacker bifurcation and period-doubling bifurcation for a discretized fractional-order predator-prey
system with Holling type II functional response"

REFERENCES

équation différentielle du second ordre, contenant un parametre variable. Journal de
Mathématiques Pures et Appliquées, 2:418-436, 1837.

[11] Marcel Riesz. L’ intégrale de riemann-liouville et le probleme de cauchy pour 1’
équation des ondes. Bulletin de la Société Mathématique de France, 67:153-170,
1939.

[12] Michele Caputo. Linear models of dissipation whose q is almost frequency indepen-
dent—ii. Geophysical Journal International, 13(5):529-539, 1967.

[13] Anatolii Aleksandrovich Kilbas, Hari M. Srivastava, and Juan J. Trujillo. Theory

and applications of fractional differential equations, volume 204. Elsevier, 2006.

[14] Igor Podlubny. Fractional differential equations: an introduction to fractional deriva-
tives, fractional differential equations, to methods of their solution and some of their

applications. Elsevier, 1998.

[15] Ahmed MA El-Sayed. Fractional-order diffusion-wave equation. International Jour-
nal of Theoretical Physics, 35:311-322, 1996.

[16] Hong-Li Li, Yao-Lin Jiang, Zuo-Lei Wang, and Cheng Hu. Global stability prob-
lem for feedback control systems of impulsive fractional differential equations on
networks. Neurocomputing, 161:155-161, 2015.

[17] E Ahmed and A. S. Elgazzar. On fractional order differential equations model for non-
local epidemics. Physica A: Statistical Mechanics and its Applications, 379(2):607—
614, 2007.

[18] S. Das and P. K. Gupta. A mathematical model on fractional lotka—volterra equa-
tions. Journal of Theoretical Biology, 277(1):1-6, 2011.

[19] M. Javidi and N. Nyamoradi. Dynamic analysis of a fractional order prey—predator
interaction with harvesting. Applied Mathematical Modelling, 37(20-21):8946-8956,
2013.

[20] A.A Elsadany and A.E Matouk. Dynamical behaviors of fractional - order
Lotka—Volterra predator—prey model and its discretization. Journal of Applied Math-
ematics and Computing, 49:269-283, 2015.

[21] M. Ahmad, M. A. Khan, and Y. Khan. A fractional order predator—prey model with
harvesting. Applied Mathematics and Computation, 219:7603-7611, 2013.

5769 Xianyi Li, IJMCR Volume 13 Issue 10 October 2025



"Neimark—Sacker bifurcation and period-doubling bifurcation for a discretized fractional-order predator-prey
system with Holling type II functional response"Type your text

REFERENCES

[22] Surajit Debnath, Prahlad Majumdar, Susmita Sarkar, and Uttam Ghosh. Memory
effect on prey-predator dynamics: Exploring the role of fear effect, additional food
and anti - predator behaviour of prey. Journal of Computational Science, 66:101929,
2023.

[23] Anuraj Singh and Vijay Shankar Sharma. Bifurcations and chaos control in a discrete
- time prey—predator model with Holling type - II functional response and prey
refuge. Journal of Computational and Applied Mathematics, 418:114666, 2023.

[24] Sunil Kumar, Ranbir Kumar, Carlo Cattani, and Bessem Samet. Chaotic be-
haviour of fractional predator - prey dynamical system. Chaos, Solitons & Fractals,
135:109811, 2020.

[25] Prahlad Majumdar, Bapin Mondal, Surajit Debnath, and Uttam Ghosh. Controlling
of periodicity and chaos in a three dimensional prey predator model introducing the
memory effect. Chaos, Solitons € Fractals, 164:112585, 2022.

[26] Hong-Li Li, Long Zhang, Cheng Hu, Yao-Lin Jiang, and Zhi-Dong Teng. Dynamical
analysis of a fractional - order predator - prey model incorporating a prey refuge.
Journal of Applied Mathematics and Computing, 54:435-449, 2017.

[27] SM Salman, AM Yousef, and AA Elsadany. Stability, bifurcation analysis and chaos
control of a discrete predator - prey system with square root functional response.
Chaos, Solitons € Fractals, 93:20-31, 2016.

[28] AM Yousef, SZ Rida, YG Gouda, and AS Zaki. Dynamical behaviors of a fractional-
order predator-prey model with Holling type IV functional response and its dis-
cretization. International Journal of Nonlinear Sciences and Numerical Simulation,
20(4):437-448, 2019.

[29] S Winggins. Introduction to Applied Nonlinear Dynamical Systems and Chaos.
Springer, New York, 2nd edition, 2003.

[30] Diethelm Kai. The analysis of fractional differential equations. An application -
oriented exposition using differential operators of Caputo type. Lecture Notes in

Mathematics. Springer, 2010.

[31] Cheng Wang and Xianyi Li. Stability and Neimark -Sacker bifurcation of a semi -
discrete population model. J. Appl. Anal. Comput, 4(4):419-435, 2014.

5770 Xianyi Li, IJMCR Volume 13 Issue 10 October 2025



	Introduction
	The Existence and Stability of Fixed Points
	Bifurcation Analysis
	Numerical Simulation
	Conclusion



