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ABSTRACT. IN THIS PAPER,WE INTRODUCE QUADRATIC TYPE GENERALIZED Z-CONTRACTION
with respect toasimulation function and study the existence of common fixed
points of such mappings in complete b- metric spaces. We extend it to ase-

quence of self maps. We infer some corollaries from our main result and provide
examples to verify our results.
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1. Introduction

The Banach contraction principle is a fundamental results in fixed point the-

ory. Due to its importance, various mathematician studied many interesting
extensions and generalizations, (see [7, 13, 12, 17]). It is considered to be the
connection between pure and applied mathematics. It is also widely applied in
different fields of study such as Economics, Chemistry, Physics and almost all
Engineering areas, b-metric spaces were introduced by Bakhtin [3] and Czerwik
[9]. In 2015, [14] F. Khojasteh, S. Shukla, S. Radenovic, A new approach to the
study of fixed point theorems via simulation functions.

2. Preliminaries

We present some definitions which will be useful in the sequel.

Definition 2.1. [9] Let X be a non-empty set. A function d : X x X — [0, 00)
is said to be b-metric space if the following conditions are satisfied:

(1) 0 <d(z,y) Vz,y€e X and d(z,y) =0 <= z =y,
(2) d(z,y) =d(y,z) V z,y € X, and

(3) there exists s > 1 such that d(z, z) < sld(z,y) + d(y, 2)] ¥V z,y,2z € X.

In this case, the pair (X, d) is called a b-metric space with coefficient s. Here, we
observe that every metric space is a b-metric space, with s =1

Definition 2.2. [5] Let (X, d) be a b-metric space and {x,} a sequence in X.
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(1) Asequencex ,} in X is called b-convergent if there exists z € X such
that d(z,,x) — 0 as n — oco. In this case, we write lim,,_,, =, = .

(2) A Sequence {z,} in X is called b-Cauchy if d(z,, z,,) — 0 as n,m — oo.

(3) A b-metric space (X,d) is said to be a complete b- metric space if every
b-Cauchy sequence in X is b-convergent.

(4) A set B C X is said to be b-closed if for any sequence {z,} in B such
that {x,} is b-convergent to z € X then z € B.

Definition 2.3. [14] Let (X, d) be a metric space and f : X — X be a selfmap of
X. We say that f is a Z-contraction with respect to &, if there exists a simulation
function £ such that

§(d(fa, fy),d(x,y)) >0V z,ye X

Definition 2.4. [I1] Let (X, d) be a b-metric space with coefficient s > 1. Let
f,g: X — X be two self mappings. If there exists a simulation function ¢ such
that

E(s'd(fx, gy), M(z,y)) > 0,

where

Mz, y) = maz {d<x, ). d(x, fz), d(y, gy), — [d(z, gy) + d(y. fx)]} VayeX.

2s

then we say that (f,g) is generalized Z-contraction pair of maps. He proved
common fixed point theorem for above contraction

Definition 2.5. [5] (X,dx) and (Y,dy) be two b-metric spaces. A function
f: X — Y is b-continuous at a point x € X, if it is b-sequentially continuous at
x i.e., whenever {z,} is b-convergent to z, { fx,} is b-convergent to fz.

Definition 2.6. [11] A simulation function is a mapping
€ :[0,00) x [0, oo) — (—00, 00) satistying the following conditions:

(&1) £(0,0) =
(&2) &(t, )<s—tVst>0
(&) if {tn},{sn} are sequences in (0, c0) such that

lim ¢, = hm $p =1 € (0,00) then limsup&(ty, s,) > 0.

n—oo — 00 n—o0

Motivated by the works of Olgun,Bicer and Alyildiz [15], [2] we introduce a
generalized Z-contraction pair of maps with respect to simulation function and
established common fixed point theorem.

3. MAIN RESULT

Definition 3.1. Let (X, d) be a b-metric space with coefficient s > 1. Let f, g
X — X be two self mappings. If there exists a simulation function £ such that

E(s*d(fx, gy), M(x,y)) > 0,
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where

M(z,y) = max {dQ(x, y),d(z, fx).d(y, gy), % [d*(z, gy) + d*(y, fx)] } Va,y€ X,

then we say that (f, g) is generalized quadratic type Z-contraction. If g = f and
s = 2, then we say that f are quadratic type generalized Z-contraction map of a
metric space X.

Example: Let X =[0,1] and d: X x X — [0,00) be defined by

d(z,y) = 0 ife=y
V= x+y ife#y

Clearly (X, d) is a b-metric space with coefficient S = 2. We define f,g: X — X
by fx = 5 for all z € [0,1] and

)
1 ose 1
2% 1fx—2.

g — {o if 2 € 0,1]/{3}

Now, we define € : [0, 00) X [0,00) — [0,00) by &(t,s) = As —t where A > 1.
We have the following possible cases.
Case(I): z =1, y=1.
In this case, fox = %, gy = 2%, std(fz,gy) =0 and

E(t,s)=As—t

&t s) = AM (z,y) — s*d(fx, gy)
=4-0
=4
> 0.
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% if x = %
4, T 1
(fz, gy) (1—0 2—0)
16
= {%(21: + 1)}
48
"%
=24
Mz y) = mas {d o, ) Ay, g0). 5 o) + o £}

= max

2 11z 11 1| /202 +1 2+ 541)\°
10 207 4 20 10
+ ) + L
=mazx } (x y 10 Ay 50 )
2 121 1| /21 2+ 6 \>
200" 4 |\ 20 10

E(t,s) =As—t
=AM (z,y) — 2.4
=4-25-24
= 6.6
> 0.

= max

Case(III): z # 1, y # 1.
In this case fz = {5, gy = 0, s*d(fz, gy) = 2*. ({ + 1)

%)Zw—o)j}
0:c+1 (10y+x) }

1
_ 2 -
andM(x,y)—max{(:l:—i-y) ,(:U—l—m) < 50
1z 20y+1
= 22 =4
max{ ,(10) )

@
)G

=4.

10
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E(t,s) =As—t
=4M(x,y) — 2.4
=4-4-1.6
=144
> 0.
Case(IV):z =3,y # 1.
In this case fz = {5, gy = 0, std(fz,gy) = 5

= max

M(z,y) = maz {(x+y)2,(flf+ 1%).(er 2
{(6+8) G 2) () 2B+ (2)])
e {(5) i () )

=25
E(t,s) =As—t
=425—- 28
=9.2
> 0.

Proposition 3.2. Let (X,d) be a b-metric space with coefficient s > 1 and
fog: X — X be two self maps. Assume that f, g are generalized quadratic type
Z-contraction. Then u is a fixed point f if and only if u is a fived point of g.
Moreover in that case u 1s unique.

Proof. Let u be fixed point of fi.e. fu = wu. Suppose gu # u. We consider
E(s*d(fu, gu), M (u, fu)) = &(s*d(u, gu), M (u,u) > 0, (3.1)
where

M (u,u) = max {dQ(u, w), d(u, fu).d(u, gu), 2—18[612(21, gu) + d*(u, fu)]}

1
= max {O, 0, Q—Sdz(u, gu)}

_ {%dZ(u,gu)}.

Now using the value of M (u,u) in 3.1, we get

0 < &(s*d(u, gu), M (u,u)) = &(s*d(u, gu), d(u, gu)) < d(u, gu) — s*d(u, gu) < 0
a contradiction. Hence gu = u, so that u is common fixed point of f and g.
Similarly, it is easy to see that if u is fixed point of g then u is fixed point of f
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also. Suppose v and v are two common fixed point of f and g with u # v.
From the inequality

§(s*d(fx, gy), M(z,y)) >0

where

M(z,y) = max {dQ(m, y),d(z, fz).d(y, gy), 2% [d*(z, gy) + d*(y, fx)] } :

We have
E(std(u,v), M(u,v)) = &(s*d(fu, gv).M(u,v)) > 0, (3.2)

where
M (u,v) = mazx {dQ(u,v), d(u, fu).d(v, gv), % [d*(u, gv) + d*(v, fu)}}

= max {dQ(u, v), 0,0, % [dz(U, gv) + d*(v, f”)] }
= {d2(u, v)}

Now using the value of M (u,v) in 3.1, we get

0 < &(s'd(fu, gv), M(u,v))
= ¢(s*d(u,v), d*(u,v)
< d(u,v) — s*d(u,v) <0,

a contradiction. Hence u = v. Therefore the proposition follows. O

Now we state and prove the following quadratic type Z-contraction fixed point
theorem.

Theorem 3.3. Let (X,d) be a complete b-metric space with coefficient s > 1,
and f,g : X — X be two self maps. Assume that f,g are generalized quadratic
type Z-contraction. Then f,g have a unique common fixed point in X, provided
either f or g is b-continuous.

Proof. Let xy € X be arbitrary. Since fX C X and gX C X, there exists zq,
ro € X such that fry = x; and gry = xo. Similarly there exist x3, x4 € X
such that fxs = x3 and grs = x4. In general, we construct a sequence x,, by
fon = Lon+15 9T2n+1 = L2n42 for n = 0,1,2...

Suppose that xq, = z9,,1 for some n, then x5, = fxq, so that xs, is a fixed point
of f. Hence by proposition 2.1, we have x5, is a fixed point of g also so that zs,
is a common fixed point of f and g.

Similarly, if xo,11 = x9,42 for some n. Then x5, is a common fixed point of f
and g. Hence in both the cases, f and g have common fixed point. Hence without
loss of generality, we assume that xs, # 22,1 for all n.
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Now, we consider

§(S4d($2n+17$2n+2), M(I2m$2n+1)) = 5(54d(f$2n79$2n+1)7 M<x2n7x2n+1>> (3 3)
>0, '

where

M(xzn, $2n+1) = maa?{d2($2m $2n+1), d($2n, f$2n)~(d(l‘2n+1, 9I2n+1)7
1

g[d2($2m GToni1) + (d2$2n+1, fxan)]}

= ma${d2(x2n, $2n+1), d(l’Qm $2n+1)-d($2n+17 I2n+2),
1
%[Cﬁ(%m Tony2) + d*(Tant1, Tant1]}
= max{d2<x2n7 $2n+1)7 d2($2n+1, $2n+2)}-
Suppose that for some n € N, d*(22,, Tons1) < d*(T2n41, Tans2) Hence, we have
M (22, Tony1) = d*(Tont1, Tanio). Now, using the value of M (w9, T2,11) and from
in eq. 3.3 we have

0 < &(s*d((vant1, Tanya), M (Toni1, Tant1))
= 5(34d($2n+1, 1’2n+2)> d2$2n+1> 372n+2))

< d2($2n+17 $2n+2) - S4d(l‘2n+1, 513'2n+2)
< 0.

Therefore d*(x2,, Toni1) > d*(Tani1, Tanio). Similarly, we can prove that

P (Toni1, Tont2) > d*(Tant2, Tonts)-
Hence
d2(xn+17 an+2) S d2(xmxn+1) fOT all n.
Therefore {d(z,,x,11)} is a decreasing sequence and bounded below by zero .
Thus there exists r > 0 such that lim, ., d(x,,2,+1) = r. Suppose that r > 0.
Now using the condition & with ¢, = d(xen11, Tonie) and s, = d(za,, Ton1) We

have 0 < lim sup £(s*d(2ans1, Toni2), M (Ton, Tony1)) < 0, a contradiction.
n—oo

Therefore » = 0. So
lim d(z,, zp41) = 0. (3.4)

n—oo
Now we prove that {x,} is a b-Cauchy sequence. For this it is sufficient to show
that the subsequence {xs,} is a b-Cauchy sequence in X. Suppose that {xs,} is
not a b-Cauchy sequence . Then there exists an € > 0 and the sequences positive
integers 2my, and 2n; with 2n; > 2my; > k such that

d(Tomp, Tonk) > € and d(Tomp, Topy — 2) < €. (3.5)
Now, we consider
5(54d(9€2nk+1, $2mk), M($2nk, $2mk71)) = f($4d(fx2nk+1, ngmkfl)a M(x2nk7 x2mk71)
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where
M(l‘2nka QOk—l) - max{dQ(xan, mek_l); d(x2nka fonk)'d(QOk_l ) ngmk_l)v
1
2—$[d2((1‘2nk ) gl‘2mk—1) + dg(fx%lw mek_1)]}
- maw{dQ (I2nk ) x?’mk_l )7 d(xQ’nk ) x?nk+1 ) 'd(mek7 mek_1 )7
1
%[dQ(Z‘an, mek) + d2 ('rQnIH-l’ mek—l)]}
Now, we consider the following two cases.
Case(I): s = 1.

In this case (X, d) is a metric space. Then there exists € > 0 and sequence of pos-
itive integers {2ny} and {2my} such that 2n;, > 2my, > k with d(xen, , Tan,) > €
and d(xaom, , Ton,_,) < €.

Hence we have

M('T?nkv $2mk—1) = ma:z:{d2 (xan 'T2mk—1)’ d('r%k? x2"k-+l)'d(‘r2mk—l ) x2mk)’
d2(x2nk7 x?mk) + d2 (x2mk_1u I2nk+1) } (37)
5 )
On taking limit as k — oo. we have limy_,oo M (Z2p, , Tom, ,) = €. Using the con-
dition & with t,, = d(22n,,,, Tom,) and s, = M(Zop, , Tom, ), we have
0 < limsupy_,o §(d(2n,, > Tomy, ), M (T2n, , Tam,_,)) < 0, a contradiction.

Case(II): s > 1

In this case, by Lemma 1.2 [2] there exists ¢ > 0 and sequences of positive
integers 2n; and 2my such that 2n, > 2my > k with d(2my,2n;) > € and
d(2my, 2ng_o) < € satisfying (I) - (IV) of Lemma 1.2 [2].

Again taking limy_,« in the 3.7 and using conditions (I) -(IV) of Lemma 1.2 [2],
we have

3
. S€E+ s°€
lim M (2o, , Tam,_,) = maz { s%€,0, ———— ¢ = s%¢.
k—oo 2s

Hence from (1.3),we have 0 < £(s4d(fx2nk,g:c2mk71),M(xgnk,a:kafl)).
Now we have
0 < lim sup5(54d(fx2nk,gx2mk71), M (zon, , Tom,_,))

k—o0
. 4
< limsup [M(xan,, Tom,_,) — 5 AT, s Tam, ) |
k—o0
<1 M “lim inf d < g2 — 515
< limsup M (w2p, , Tom,_,) — s~ iminf d(za,, |, Tom, ) < 57 — 5" =
k—o0 k—o0 S
<0,

a contradiction. Therefore by case (I) and case (II), we have x4, is a b-Cauchy se-
quence in (X, d). Hence {x,} is a b-Cauchy sequence in (X, d). Since X is a com-
plete b-metric space, we have x,, is b-convergent to some point z (say) in X. There-
fore x = limy,0oTont1 = UMy o0 fTon and & = limy, 0o Topto = liMy 00 Tont1
so that limy, oo fTon = = liMy_00gToni1-
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We, assume that f is b-continuous .

Since 3, — * as n — oo, we have fzy, — fz as n — oco. Hence 0 < d(z, fz) <
s(d(x, fro,) + d(fxon, fr)) — 0 as n — oo so that d(z, fxr) = 0. Hence x is a
fixed point of f.

Now by proposition 2.1, we have x is a unique common fixed point of f and g.
Similarly, we can prove that x is a unique common fixed point of f and g is a
b-continuous. 0J

Now we state and prove the following fixed point theorem.

Theorem 3.4. Let (X,d) be a complete b-metric space with coefficients s > 1.
Let {f.} be a sequence of self maps defined on a b-metric space (X,d). Assume
that for each i # 1,(f1, fi) is a generalized quadratic type Z-contraction . Then
the sequence {f;} has a unique common fized point in X, provided that at least
one of the maps f; is b-continuous.

Proof. Fix i # 1. Since (fi, f;) is quadratic generalized Z-contraction pair of maps,
by Theorem 2.1, we have (fi, f;) is a unique common fixed point in X.
Hence the conclusion of the theorem follows. 0

Corollary 3.1. Let (X,d) be a complete b-metric space with coefficients s >
land f: X — X be a self maps on X. If there exists simulation function £ such
that

E(s*d(fx, fy), M(z,y)) >0 for all z,y € X,
q.(3.1) where

M(z9) = mas { (o). do, o) d(y g, LTI

2

Then f has a unique fixed point in X, provided f is b-continuous.
Proof. Follows by choosing g = f in Theorem 2.1 [15] O

Remark 3.1 Corollary 3.1 elongate Theorem 1.2 [15] to b-metric spaces.
Corollary 3.2. Let (X,d) be a complete b-metric space with coefficient s > 1.
Let f,g : X — X be two self maps on X. Assume that there exists two contin-
uous functions ¥, ¢ : [0,00) — [0,00) with ¢(t) < t < (t) for all t > 0 and
o(t) = 1(t) = 0 if and only if ¢ = 0 such that

(std(fx, gy) < p(M(z,y)), (3.8)

where

M) = mas { (o) dte. o)y, gy), D2 T L)

2

}, forall x,y € X.

Then f and g have a common fixed point in X, provided either f or g is b-
continuous.
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Proof. Follows from Theorem 2.1 by choosing £(s,t) = ¢(t) — ¥(s) for all t,s €

0, 00).
Remark 3.2 If g = f and s = 1 in Theorem 2.1 then Theorem 1.2 [15] of follows
as a corollary. O

The following example verify Theorem 2.1.
Example 3.3 : Let X = [0,00) and d : X x X — [0,00) be defined by

Oifx =y

6 if = y €1[0,1)

7+ @ if z,y € [1,00)
gother\mse.

d(z,y) =

Then clearly d is complete b- metric space with coefficient s = g. Here we observe
that when © =4/3,z2 =2 € [1,00) and y € [0,00) we have

d(z,z) = 7+ 3/10 = 73/10 and d(z,y) + d(y,z) = 7/6 +7/6 = 14/6 so that
d(z,z) # d(x,y) + d(y, 2).

Hence the given d is a b-metric space with s = g(s > 1) but not a metric .
Now we define f,g: X — X by

fo = £+2ifr €[0,1) and g — 2 ifz €10,1)
27 — 1 ifr € [1,00) % if x € [1,00).

Then clearly f and g are b-continuous functions.
Now we define £ : [0,00) x [0,00) — [0,00) by &£(t,5) = As —t where A > 1 and

M(a,9) = maz { (o). (o, ). dn ). 5 [0 99) + (0 1]}

Case(I):z,y € [0,1).
In this case, fr = £ +2 € [1,00),9y = y* € [0,1). d(z,y) = 6,

d(z, fz) = 7/6,d(y, gy) = 6 and
(05) 2 (5)

36 - 36 36 -36 +49 9 6
)
1541
432
Therefore M (z,y) = 6 and

arean = (2) - (7)

= 24192

1
% (d*(z, gy) + d*(y, fz))
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Now, we consider

E(s'd(fx, gy), M(x,y)) = AM (z,y) — s*d(fx, gy)
— 46— 24192
— 24 — 24192
— 21.5808
> 0.

Case(II):z,y € [1, 00).
In this case, fr =22z — 1€ [1,00), gy = =5 € [0, 1),
d(e,y) =T+ >7.d(x, fr) =T+ 2ty > T,d(y,gy) = T and

Tty —

d*(z, gy) + d*(y, fx)
2 )
12

L e
2

~ 9065

432
= 20.

Therefore M (x,y) > d(z,y) > 7. Now we consider

¢(s*d(fx, gy), M(x,y)) = AM (z,y) — s'd(fz, gy)

=4-7-24192
= 25.5808
> 0.

Case(III) : z € [0,1),y € [1,00).
In this case,

OAI\I

yd(z, fr) =

CDI\I

1
fr="212¢€l00),9y=— €[0,1) d(z,y) =

5 ; d(y,gy) = &

d*(z, gy) + d*(y, fx) 5
— 49) . =
s (36 +49) - 15

85-5
12
425

12

6\* 7
Yd(fx, gy) = (g) ‘5
= 2.4192
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E(s*d(fz, gy), M(z,y)) = AM (x,y) — s*d(fz, gy)

=6-4—24192
= 21.5808
> 0.

Case(IV) : z € [1,0), y € [0,1).
In this case fo = 2z — 1 € [1,00), gy = y* € [0,1), d(z,y) = %, d(z, fx) =
7T+ ﬁ > 7,d(y, gy) = 6, and

Elogy) + Py ) _ [(Z) . (Z)] | (%)

= 490 = 1.1342
432

Therefore M(z,y) > d(x, fx) > 7 and s*d(fx, gy) = 2.4192
§(s'd(fz, gy), M(x,y)) = AM (z,y) — s"d(fz, gy)

=4-7-1.1342
= 26.8658
> 0.

Hence (f,g) is a generalized Z-contraction pair of maps and satisfy all the hy-
potheses of Theorem 2.1 and x = 1 is the unique common fixed point of f and g.
Example 3.2. Let X, d, ¢ as an Example 3.1 and define (f, f;) for i > 2 by

filz) = {‘” ifze0,1) filz) = {3;_2 ififxfe[o[ll)oo).

Then (f;, fi)for i > 2 is a generalized quadratic type Z-contraction and the
sequence { f;} has a unique common fixed point 1.
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