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In this paper, we study Lie triple nilalgebras of nilindex four that are not power associative. It
is known that in dimension five, these algebras admit four possible tables. Here, we are
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I. INTRODUCTION

A Lie triple or an almost Jordan algebra is a nonassociative
commutative algebra satisfying
3(x%y)x — x%y — 2x(x(xy)) = 0. It has been introduced
since 1965 by J. M. Osborn throughout [5], [6] and authors
are still interested in their studies as shown by recent results
throughout [1], [2]. An algebra is said to be a nilalgebra of
nilindex n if for all @ € 4 we have a™ = 0 and there exists
x € A such that x™ 1 = 0. In our previous studies [3], we

have shown that a Lie triple nilalgebra of nilindex 4 in
dimension five admits four possible tables. Here we are
interested in isomorphisms between these classes.

II. PRELEMINARIES

We can see in the following examples that Lie triple
algebras could as well be either non nilalgebras or
nilalgebras.

Example 2.1

Let A be an algebra over a field F with basis {s,t} and
nonzero multiplication table given by

1 : .
52 =5 4t st= ts=- t.Then A is a Lie triple non

nilalgebra because there is no power of 5 which cancels.

Example 2.2

Let's consider the commutative algebra A in dimension 11
which multiplication table in the basis
{by,by,b3,by,bs, bg, by, bg,bg, byg,byy }is given by b? = by,
biby=b;,  biby=bs, biby=b,  bybs=—3bhy,
bybg = byy, byby = bg, byb; = by, b3by = by, byb; = by,
b = byg, byby = —2by,, all not written products being

zero. Then A is a Lie triple nilalgebra of nilindex 4.

Indeed, if we consider two elements x = Y2 x; b, and
y =¥ vy b, of A, we have:

1
x(x(xy)) = 3 (i, — x5 ¥2)bg +

2
x% = 2x,%,D5 + x7by + 2x X3bs + 2x,x,bg +
2xyx4b; + 2x3x,bg + (—xy%5 + 23537 )by + x5 by +
(—4xyxg + 2337 + 2x,Xg) by 4,
(%) =0

and x*y = (=yx{x; +y,x§)bg +

1, 1, 2
—Xy VXX T 5 XaX{ YV — PRabE + X7 %3V4 | b1y,

(Vax§ — 2yaxi 2, — ¥y i x5 + 2y, X, %52%4) by

Since 3(x%y)x — x*y — 2x(x(xy)) = 0, we can say that A
is a Lie triple algebra. Furthermore, since
w(x(ey)) =3 (eFxpyy — x§y)bs +

(_x13’1x2x4 + %xaxlz.'i’l - %xfﬁ’a + xfxz.ﬂ) byy,  putting
y = x we obtain x* = 0, then A is a nilalgebra of nilindex 4.
Because x?x% =+ 0, we can say that A is not power-
associative. Moreover we have x?x%, x2(xy)e J = { bg, byg).
In [3], we have shown that if dimAd < 6 then for all
a,be A we have R3(b)=0. In addition we have the

following Lemma

Lemma 2.3 [3]

Every Lie triple nilalgebra of nilindex 4 and dimension 5
satisfies 2 < dim A% < 3.

Proof

Since A is a nilalgebra of nilindex 4, we necessarily have
dim A = 2.

Now let's show that dim A% < 3.
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Since R3 =0, according [4] algebra A is nilpotent, that
means there is ¢ = 4 such that A* = 0. We easily see that

A% # A. This leads to dim A% < 4. Let's proove now that
dim A% < 4. Assume that dim A% = 4. Then there should

exist yed

such that A=Ky + A?, that gives A?= Ky%+ A%and
A={y. v+ A% Therefore we have
A= (y%y3 y2yt) + A4 which gives

A={y,v%v%v%y?)+ A% In the same way, we have

A= {y,y%y3y2y?)+ A5 that gives A° = A%, because of
A® c A4 Since A is nilpotent,

we have A% = A*=0, which gives A=alg(y) and
dim A = 4; this is a contradiction. Finally, we have
dim A2 < 3.

Theorem 2.4 [3]

Let's consider a Lie triple nilalgebra A of nilindex 4 and
dimension 5.
1. Ifthereis @ € A such that
alg(a) = {a,a? a* a’a?) then there exists
bpe A— alg(a) such that aby =0,
a’by = a; a® + a, a’a? and b} = B,a” + f,a® + fza’a’.
2. Assume that A does not contain any element x
such that dim(alg (x)) = 4
i. If dimA®=3 and dim A®=1 then there are
x, v € A such that 4 = { y,yx,x,xz,xg) and
(xy)x? = ax?, (xy)x=pf x°,
(xy)? =, y(xy) =Ax? and
yi=e,(yx)+ e x% + €5 x3
ii. If dim A% = 3 and dim A® = 2, then there exist
Xq, Vg€ A such that A{y,, vox3,x,,x5, x5 ) and
V& =ay Yoxi +a; x5+ az 13,
iii. If dim A% =2, then there exist x5,V a € A such
that A= (x,,¥p a a%a’) and
M=, ?+a;a%  yi=2Aal+1; a5

Xo¥o = By a® + B, a®.

III. CONDITION FOR THE EXISTENCE OF
ISOMORPHISMS

The algebra defined in Theorem 2.4 (1) satisfies the
following multiplication table when
e, =a, e;=a’ e;=a°, e,=a’a’® and e;=b, (the
unmentioned products being Zer0)
el =e,, eje;,=e;, €3 =e,, e,ec =a,e;+ aye,, €2 =
Bie; + ez + faey.

Let A{ay,a5; 1,052, 02) be such an algebra.

Proposition 3.1

Two algebras Alay,aq; 1.5, F3)and
Ala,' ay’s B, ', B3 are isomorphic if and only if

q(K)=a/(K)  where i=12, B(K"):=BI(K)?
where i = 1,3 and 3, (K*) = B{(K*).

Proof.

Let o be an isomorphism between two algebras

Alay, ay; f1,62.63) and A(ey ', a3 By, By B3 )- Let

a(e;) = X3=1a;;¢; Then we have

o(e;) = ale;)* = (ai; + fiafs)e, +

(2ay1ay5 + @y 05501 + aisfsles

+(af; + 2aa,505 + aisfile,

This implies @y = as =0, a,, = a;, + ﬁlafS,
Qy3 = 20,015 + 20y, Q)50 + aiSﬁg

and a,, = afz + Zalzaﬁaf'z + afSﬁ;.

Since the structure constants are independent of the

isomorphism and therefore of the a;;, this system implies

ijr
a,z = 0. Thus we have

— 2 2 2 d
o(e;) = atye; +2ay a6, + aje, an
o(ey) = ayj e +ag,e; + ajze; +aye,

- 2_ 4

We also have a(e,) = o(e;)* = aj,e.,
which implies that a,; # 0 otherwise o(e,) would be zero.
Since ale,) =a}e, +2a,,a,56; + al,e, and
ole)) = a8+ aq26; + ayze; + aeey we have

- — 3 2
o(e3) = o(ey)o(ey) = ajyes + ai ae,.
Furthermore, we have
0 =0(e;)o(es) = ay asse; + (ay10s; + as1052 + agzas5)e; + (ay
Since the structure constants are independent of the
isomorphism &, this equality implies
11051 = 0, @185, + 51025 = 0, ajaa55 =0, and
ay3055 = 0. Since ay; # 0, solving this system gives
@51 = Q53 = @)3055 = 0, (1)

and g(es) = aszez + asyey + asses.

Since o(e)= a; e, + A28 + Qyz83 +aey,

= 2 2
o(e;) = ajie; + 2a a6+ agey

— 3 2 — 4
o(e3) = ajje; +ajaie4,0(ey) = aje, et
o(es) = aszez + asse, + asses,
the determinant of & is dets = assaif # 0. So ass # 0 and

- ‘ol = 2
(1) leads to @y, = 0. This gives g(e;) = aje;.
We have
5 .

a0(e;) + ayo(ey) = o(ey)o(es) = ajyass(ae; +
tey),

. . 4 . .
which gives a,ai,e; + a,ai e, = aiass(a@,es + aze,)
that means

3 _ o2 4 _ o2
@ aj; = @, a),055 and @, a7 = @, a7, 0ss.

This gives
B.o(e;) + B.o(es) + B.o(ey) = o(es)? —ﬁraz e, +

1 2 2 3 3 4/ = 5/ = PiYss*z

: -
B,asse; + Byassey

which means
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ﬁl“flez + ﬁgaiLBS + ﬁgail = ﬁl“ésez + ﬁrg“sses +
ﬁ;aéseqr

then ﬁlafl = ﬁlaEE

ﬁgafl = ﬁ;QSS and ﬁaail = ﬁrgaés-

Corollary 3.2

The following algebras are isomorphism classes
: A(0,0;0,0,0), A(1,0;0,0,0), A(0,1;0,0,0), A(0,0;0,1,0)

and A(0,0; 54,0, 55), with (54, B3) = (0,0).
Proof.
Accordmg to the proof of Proposition 3.1, we have

ﬂ’l = ay, az @y, ﬂ'? aiiasga;
B, = ai,a55B,, B, = ai,a5ep, and B; = a},a53p;.
Let us consider the following cases:

o Ifay =a,=p =p,=F;=0s0 we have the
isomorphism class 4(0,0; 0,0,0).

o If ¢y #0anda, =f, =, =F; =0 then we
can choose the isomorphism such that
a0 = a7t In  this case, we have
A(@,,0;0,0,0) ~ A(1,0;0,0,0)

o Ifa,# O0Oand @y =, =, = B; =0 then we
can choose the isomorphism such that
as a4 = a5*. In this case, we have
A(0, a5 :0,0,0) = A(0,1; 0,0,0)

e Iff,# Dand @) =a, =, = f; =0 then we
can choose the isomorphism such that

e ajjazl= ﬁ, . In this case, we have
A(0,0;08,,0) =~ A(0,0; 0,1,0)

o Iff, #0orf 3+ Oanda; = a; =, = 0 then

we have 4(0,0; £,,0, ;) = A(0,0; 51,0, 3).
We thus have the isomorphism classes of the corollary.

The algebra defined in Theorem 2.4 (2)(i) satisfies the
following multiplication table when
e, =xe, =x,e;=x,e,=xy and ec=y (the
unmentioned products being Zer0)
el = ey, e.e; = 5,65 = e3¢0, = @eg, e, = feg,

2 2
€1 =Te;, e8; =@y, €6 =Aey, € =€, 65+

€, 83+ €3 8,4.

Let A(a, 3,7, 4; €4, €5,€3 ), be such an algebra.

Proposition 3.3

Two algebras A(a, 5,7, 4; €,, 65,65 ) and

A(a', ', %', A e,/ €5', 63" Jare isomorphic if and only if
alK™) = a'(K°).B(K") = B'(K"). €300y =

&3 (K AK P =2 (K", w(K*)? =+ (K"), (K)* =
el(K)%i=12.

Proof

Let obe an isomorphism between two algebras
Ala,f5,%, A; €4, 65,65 ) and
Al B'¥, 1 e/ €5, 65") . Let a(e;) = ¥3=,a;;e;. Then

we have

o(e;) = a(ey)? = (af; + afsel)e; + (af; + 2a,,a,, + 2a'a_11ay,

iy + 2a,,0050" + afse;)es + (2a;,a,5+ aises)e,.

This implies a;; = a;5 = 0,

ay, = ai; + aise;,

ay3 = as, + 2a;,a;5 + Zn'rallam + Zﬁralgau +al,y +
2a,,a,54" + a’se,

and

(z4 = 203,05+ afs € .

Since the structure constants of the algebra are independent

of the a;; then we have a,, = a5 = 0; and a4 = 0. And
finally o(e,) = a% e, + aj.(a;; + 2a,)es.

We also have

o(e3) = a(ey)* = atyes, Q?)

which implies a;, # 0.

Furthermore, we have

a(ey) = a(e)a(e;) = ai;(ay; +ag)e, A3)

which means, a,; + a;, = aj;.

In addition

ac(e;) = a(e)o(ey) = ay 0418 + (1104 + Q1204 + 1204
+a'ay g+ Blagya.)es + aggagses,
which means, a; 1y = 0,
@af; = a0, + 01504 + Q105+ @'ay; a4, +
B'ajza4q, and ajya.s=0.

This implies Ay = Ay =0 and
ay;(ay, + a;5) = agpai; = 0 which means a;, = 0. And
then, o(ey) = Qyz8s + A8y
Then we have equality
B o(es) = o(ey)a(e,) = afjaufes,
which leads to fa}; = f'a% a4,
Furthermore we have wo(e;) =o(e,)* = aj v'e;, and
"mfl = “Eﬂ"’:
which leads to, a; = 0 and ¥a?, =v'aj, We rewrite
o(ey) = ayzez + ay e,
We also have
€10(e;) + €;0(e3) + €30(ey) = o es )* = (ag; +ejad)e, +
(2as,as, + ai, + 2a'as,as, + 2B as,a5, + ¥'ai, +
22 asyass + €3a35)e; + (2as,as5 + e3ads)ey,
which means
€, af; = a3, +ejads
€1a15(ay; +2ay,) + €2a1) + 3045 = 2a5;a5; +ady +
2a'as 05, + 2B’ ag,a5, + ¥ at, + 24 agua.s + €5al;
€304 = 2a5,a55 + €303;
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This system implies fgy = Agp, = 0 and

o(es) = asze; + asse, +asses

We also have,
—_— p— r [

o(ey) = o(ey)o(es) = (a1 a54a" + appa54f ez +

a11055€,

which means Qg3 = Q05,0 + Q05,0 and

Q44 = 0,055, giving then ay; = as, = 0. We then obtain

o(ey) = ayqe, cto(es) = asze; +asses.

On the other hand, we have

Ao(es) = o(ey)o(es) = aguassA eq which gives

4 — ’

A A = Qga0554".

In summary, we have o(e;)= ay e+ a28;+ a3,
— g2

o(ey) = afye; + apy(a;; + 2ay;)e 3,
— g2 — 4

o(es) = ais(ay; +a,)e; = ajjes,

o(es) = asze; + asses. Let us recall that

o(ey) = as,eyand

a;,=a? —ay =ay(a;;— 1) according to (2), (3) and
Q44 = Qy,055. Since ay; ¥ 0, in order to cancel a5, let's
choose a;; = 1. The determinant of ¢ is det(o) = aZ; # 0.

This leads to ass # 0.

Expressions in the system are simplified and we ultimately
have

a=ass @, f =assf', A=ais X, ¥ =v'als,€; = afsel,
€2 = Erz azs

and €5 = €305

Corollary 3.4

The following algebras are isomorphism classes
A(0,0,0,0;0,00), A(L0,00;000), A(0,1,0,0;0,00),

A(0,0,0,0;0,01) and A(0,0,7%, 4; €4,€,,0), with
(v A4, €650 % (0,00,0).
Proof

Indeed according to the proof of Proposition 3.3 we have
€ = Elaés: € = EIz“és:
€5 = €3055, @ =a'Ass, f=pf'ass, A=Aaks and
¥ =vai.
Let's consider the following cases
o Ifa=f=v=A=¢€;=€;,=6€53=0 so we have
the isomorphism class A(0,0,0,0; 0,0,0).
e fa+0and f=v=A=¢€,=6;,=6;,=0 we
can then choose the isomorphism such that
o = Q. Then we have
A(@,0,0,0;0,0,0) =~ 4(1,0,0,0;0,0,0).
e ffx0and a=v=A=¢,=6,=6;=0 we
can then choose the isomorphism such that
B =ass. Then we have
A(0,,0,0;0,0,0) ~ A(0,1,0,0;0,0,0).
e Ifegz# 0Oanda=f=v=A=¢,=6;,=0 we

can then choose the isomorphism such that

€3 = Qss. So we have
A(0,0,0,0;0,0,&5) =~ A(0,0,0,0;0,0,1).
o If (¥, 4, €, 64)% (0,0,00) then

A(0,0,%,4; 64,65, 0) = A(0,0,%', A e],€5,0).
We then have the isomorphism classes of the corollary.
The algebra defined in Theorem 2.4 (2)(ii) satisfies the

. . g . 7
following multiplication table when e; = x,;, e; = xj,
- - 2 _ :

e; = x5, €4 =Y,X; and e; =y,  (the unmentioned

. 2 2
products being zero) e = e, e;e; =e3;, €; = &,
2
8 = 84,85 = 18y + Ao8g + A58y

Let A(a,, a4, a3), be such an algebra.

Proposition 3.5

Two algebras A(ay, @, 03) and  Alaj,aj,af) are
isomorphic if and only if a;(K*)* = n'; (K*)? i=12 and
a5 (K") = as(K")

Proof

Let ¢ be an isomorphism between A(ay, @, @3) and
A(a},ab,a3). Let o(e;) = ¥3=;a;;e;. We have

oley) = o(e;)* = (ai; + ajais)e; + (2ay,a1; +al; + afsaz)e;
+(2a,a15 + ajafs)e,.

This gives @,y =a,5=0, ay, = a, + alafS,
@z3 = 2ay10;5 +aj; +ajsal and
@, = 2a,,0,5 + @za>5. Since the structure constants are

independent of the a;;, then

ifs
a;s = 0and o(e,) = ai e, + a;(a; + 2a,,)e;.
We also have

o(e3) = a(e;)?* = atye; 4)

which implies a;; = 0.

Furthermore, we have

o(eg) = a(e;)a(e;) = ai;(ay; +ag)e;, 5)

. 2
which means, a,, + a,, = ay;.

We also have
o(ey) = a(e;)o(es) = aiy(as;, + as;)es + af asse,
which leads to Qg = Ogg = Qg5 = 0,

ay3 = @i, (as; + asy) and ay, = aj, ags.

Then we can write a(e,) = a?,(as; + as;)e; +a? asse, .
We have
0 =o(e,)o(es) = ay as.e; + (ay,a5; + asya;; +
@12053)€3 + A55a28s

which means a;yas; = 0, @855 + Q51045 + Qy305;, = 0

and assa;, =0. This implies that a5 =0,
— — 2 which oi —

0 = ass(ayy + ay3) = as;ap; which gives as; = 0, and
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Then we can write o(e,)=a?asse, and
oles) = Ggz€3 + aseey + @58 which implies agg # 0. So
(6) leads to a,, = 0 and the expression of (e, ) becomes
o(e;) = ase,.

On the other hand, we have
@y0(e;) + ax0(es) + azole;) = oles)” = als(ae; +
ases + ase,),

which means @ a2, = a,a2s, @,ai, = a,als and
azai; = asass.

Because of (4) and (5), we have g(e;) = a},e; = a} e,
which means a,, = 1.

Finally we have @, = @, aZs, @, = a,azs anda; = @3 ass.
Corollary 3.6

The following algebras are isomorphism classes : A4(0,0,0),
A(0,0,1) et A(ay, a5, 0), avec (ay,a5) # (0,0).

Proof

Indeed, because of the proof of Proposition 3.5 we have

@, = azia, , @, = azea, and @3 = aza as.
Let's consider the following cases:
e If @ =a,=a;=0 so we have the
isomorphism class A(0,0,0)
e If @3 #+ 0 we can then choose the isomorphism
such that a;s = @
o If (@y,a;)+# (0,0) and a3 = 0 then we have
Alay,a,,0) = A(ai, as,0).
We thus have the isomorphism classes of the corollary.
The algebra defined in Theorem 2.4 (2)(iii) satisfies the

following multiplication table when e, =a, e, = a°,

es=a’, e, = x; and e; = ¥, (the unmentioned products

baba

being Zero) et =e,, g8, = e, e; = ey,
e = a e, + aye5, e85 = B.e: + B, es,

ef = ey + Aye;.

Let A(ay, @q; By, f2;41,42), be such an algebra.

Proposition 3.7

Two algebras Ay, @y 51,02 41,45) and
A(ay,aq; fy.53; A%, A5) are isomorphic if and only if
@ (K*)? = (k") B(K") = (K" )and

() = 2,(K")? with i = 1,2.

Proof

Let ¢ be an isomorphism between A(ay,as; f1,02:41.43)
and A(ai,aj; Bl.B3:AA5). Let a(e) = ¥i=1a;e. We
have

o(ey) = a(e,)” = (ai; + ajai; + Ajais + 2a,a,567)e;

2 2 2 ar r
+(2a 0y, +at; + afy; + ajsds + 2a440,563)es,

which gives a5y = @34 = @35 = 0,

Ay, = a3, + ayal, + AlafS + 2r:1_1é1-r:1_15,5’rl and
y3 = 20,0y, + a5, + alsan + ais;’fz + 2“14“1515;2’
which  means a;4, =a,;=0. Then we have
o(e;) = ay ey + A58, + a;ze5 and

o(e;) = ate; + (ai; +2ay)e;.

We also have a(ey) = a},e; which implies a;; # 0 and
o(es) = o(ey)o(ey) = af;(ay; +ag)e

and leads to @, + a,, = as,.

Furthermore we have
0=o(e)o(e,) = ayage; + (a1304; + ayya; +
15047)e;

which gives a;;a,, = 0

and a,y@4; + Qg 0.2 + @304 = 0. That means a,y; = 0
and 0 =ay(a,, +a;;)=asa’;, then we have
a_42 = 0. We can also write

o(ey) = ayze3 + ayses + ayses.

On the other hand, we have

a,o(e;) + azo(e;) = ale,)* = (aczmﬂ’rl + 2“44“4518; + ‘1353'1)92

+(ajsas + 2a,,a456; + ajsdh)es,
which means
a,aiie; + [a; (af; + 2a,,015) + azat;le; =
(afa@i + 2a44a,50 + ajsd e,
+(afas +2a4,a45P; + ajsdy)es,
and
ayaf; = afae’ +2a4a,561 + aisdl,
(51) ay(af; + 2a4,a,5) + azaf; =
a3sds + 20444507 + ajsls.
We also have
0 =o(e)o(es) = aj as,e; + (a a5 + asa; +
@y,0s;)e,

which means a,;as; = 0 and
Q1052 + Q51045 + A505; = 0. That leads to
o(es) = asze; + asyey + asses.
In addition
Bio(e;) + Bro(es) = aley)oles) =
(Q44054a] + (@gs55 + A54a45)B1 + assassAy)e;
gives,
Braiie; + [Bi(af; +2a,5a,,) + fratle; =
(a44a540) + (A440s5 + A54045) 1 + aysassiye;
+(Q4s 05505 + (44855 + A54045) 53 + Ausass o )es,
Then
Braf; = a44@540] + (@44a55 + A54a45)B] + Aysassly
(S2) Bilaf; + 2ag,a,,) + fraf; = ayaas,a; +
(@a4855 + As4a45)f5 + aysassiy
Furthermore we have,
Ayo(e;) + Ay0(e3) = ales)* =
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(a2, + 2as50550] + aZs2))e,
+(a2s 2y + 2as4as565 + adsdy)es,
which means,
Ayafie; + [Ai(af; + 2ay,a) + A0 ]e; =
(a2, + 2as50550] + aZs2))e,
+(a2s 2y + 2as4as565 + adsdy)es,
then
( 3){';1 Ayady = ad i + 2as,a55 6] + adsly,

2 4 _ 2 g r 2 qr
1(a1; + 2ay,a,5) + A, a7, = asgds + 2as,as56; + assd;

Then summary, we have o(e;)= a;ie; +a;2¢,+ ay3€3,
— 2 _ 4

o(e;) = aiye; + ayy(as; + 2a4y)e;, o(e3) = aiye;,

o(ey) = Ayze3+ agees + ayses and

o(€es) = As3€; + Assey + Asses.

The determinant of g is detd = a] (@055 — Az, a,:) * 0.
Let & =a,,055—as,a,s. Since detg =al,8 + 0, we
have § # 0.

Using the first lines of systems (S, ), (S;) and (S3) we can
define the following system
@y af; = ai,a] +2a,,a 4561 +aisdy,

(5)4B1af; = ayaas,a; + (ay4a55 + as4a.5)f] + aysass4y,

Ayafy = agy i + 2as4as5 51 + adsly
in which aj, ff{ and A} are the variables.
In the same way, using the second lines, we define the
system (S’)
a;(al; +2ay,a,,) + apat; =
afy @ + 2a,,a,50; + aisis,
) Bilaf; +2aya15) + Brat; = agas,a;
+(a44855 + As54a45) B3 + aysas54?
A1(a3; +2ay5a,5) + 4,0, = afdy +
2as4a55P5 + aisly,
in which a3, f; and A5 are variables.
The systems (S) and (S) admits the same the same
determinant which is
A = (044055 — 54a45)° = 6% # 0.

Then these are two Cramer systems. Let's first solve (§). It

gives
2 al 2 2 2
o ﬁa; _ ayass N ay1dys50ss (111(145‘1
al - A - 52 a’l 52 1 52 1.
2 2
Bl = ’:'.'5'1 _ _ffs4lss | G0y (44055 + A54045)
1= 52 1 52 1
2
‘11.1‘144“45)1
—— = .
and
2 2 2 2
a _"f'flﬁ _ 941054 ﬂ11ﬂ44a54 “11“44A
- ﬁ - 52 al - ﬁl 1-
For (S") we have:
2
rooa
r_ @3 _ %55 2 4
2= T 5 (ay(af; +2ay,a,;,) + @zat) —

a45 55

2 (By(ais + 2ay1045) + Poaty) +

QE5 2 4
52 (A1 (afz + 2ay,842) + Aza71),

Agr Q54053
B = '33 =% (a;(af, + 2aya55) + azafy) +

(a44a55 + a45as4)
52 (By(af; + 2ay,a55) + Brafy) —

“44 45

(Ay(afs + 2ay;a,5) + A,at,),
and

2
21 = _ Q354
2= T

“44 54

(a;(af; + 2a,,0,5) + aza; ) —

2 (By(aiz + 2ay,a45) + Paaty) +

“Eat 2 4
a2 (A (afz + 2ay,043) + Aza1y).

Let's take @, = 1, then a,, = 0 and we have:

2 2.
, Osg Q45855 0y
b= —at o, — 2———af, f + —
2 52 11%2 62 11F2 52

(54055 (@44a55 + a45a54)
B:=— 52 ‘1%1“2 52 aiiB;

‘111;’12:

_ O4a0y5 at
52

ai;da,
2
-1.-1. D
2= 5 a11ﬁ2 5: a1132

In partlcular for ays =as, =0 we have § = ay a5+ 0

2
r 4
and A5 = Ztaj o, —

2
. . a, a a
and this gives a] = ﬁaff, Bl ==77p and 2; = =22,

That  means ,G’E- =azrazif;, and

F_ a2
O = fyq @y,
Ay = azid;, fori=1.2.

Corollary 3.8
The following algebras are isomorphism classes
A(0,0;0,0;00), A(00;1,0;00), A(00;01;0,0) and
Alay,a5;00; A, 45) with (ay, a4, 44, 45) # (0,0,0,0).
Proof
Indeed, because of the proof of Proposition 3.7, we have
al = azia;, B/ = aziazif; and A} = azid;, withi= 1,2.
Let's consider the following cases :
o Ifay=a,=p = =4, =424, =0so we have
the isomorphism class 4(0,0; 0,0; 0,0).
o Iff; = 0and ay =, =f, =4, =4, =0 then
we can choose the isomorphism such that
Qyals5 = fy. Then, we have
A(0,0; £_1,0; 0,0) ~ A(0,0; 1,0; 0,0).
o Iff,= 0and a; =a,=p;, =4, =4, =0then
we can choose the isomorphism such that
Qgalss = fs. Then, we have
A(0,0;0,5,;0,0) = A(0,0;0,1; 0,0).
o If (ay,a5,44,45)% (0,00,0) and 3 =5, =0
then we have Ay, ay;0,0; A, 45)
=~ A(ai, a3;0,0; 47, 4%)

Then we have the isomorphism classes of the corollary.
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