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In this paper, we study Lie triple nilalgebras of nilindex four that are not power associative. It 

is known that in dimension five, these algebras admit four possible tables. Here, we are 

interested in the conditions on the ground field for the existence of isomorphisms between 

these classes. 
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I. INTRODUCTION 

A Lie triple or an almost Jordan algebra is a nonassociative 

commutative algebra satisfying 

. It has been introduced 

since 1965 by J. M. Osborn throughout [5], [6] and authors 

are still interested in their studies as shown by recent results 

throughout [1], [2]. An algebra is said to be a nilalgebra of 

nilindex n if for all   we have   and there exists 

 such that . In our previous studies [3], we 

have shown that a Lie triple nilalgebra of nilindex 4 in 

dimension five admits four possible tables. Here we are 

interested in isomorphisms between these classes. 

 

II. PRELEMINARIES 

We can see in the following examples that Lie triple 

algebras could as well be either non nilalgebras or 

nilalgebras. 

Example 2.1 

Let A be an algebra over a field F with basis  and 

nonzero multiplication table given by 

Then A is a Lie triple non 

nilalgebra because there is no power of  which cancels. 

Example 2.2 

Let's consider the commutative algebra A in dimension 11 

which multiplication table in the basis 

 is given by  

    

,     

,  all not written products being 

zero. Then A is a Lie triple nilalgebra of nilindex 4. 

Indeed, if we consider two elements  and 

 of A, we have: 

 

 

 

 

 

 
and   

 
Since  we can say that A 

is a Lie triple algebra. Furthermore, since 

 

, putting 

 we obtain , then A is a nilalgebra of nilindex 4. 

Because  we can say that A is not power-

associative. Moreover we have  

In [3], we have shown that if  then for all 

 we have  In addition we have the 

following Lemma 

Lemma 2.3 [3] 

Every Lie triple nilalgebra of nilindex 4 and dimension 5 

satisfies  

Proof 

Since A is a nilalgebra of nilindex 4, we necessarily have 

 

Now let's show that  
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Since , according [4] algebra A is nilpotent, that 

means there is  such that  We easily see that 

 This leads to  Let's proove now that 

 Assume that  Then there should 

exist  

such that  that gives and 

 Therefore we have 

 which gives 

 In the same way, we have 

 that gives  because of 

. Since A is nilpotent,  

we have  which gives  and 

; this is a contradiction. Finally, we have  

 

Theorem 2.4 [3] 

Let's consider a Lie triple nilalgebra A of nilindex 4 and 

dimension 5. 

1. If there is  such that  

 then there exists 

 such that , 

  and  

2.  Assume that A does not contain any element x 

such that  

i.  If  and  then there are 

 such that  and 

, 

  and 

 

ii. If  then there exist 

 such that  and 

 
iii.  If  then there exist  such 

that  and 

,  

 

 

III. CONDITION FOR THE EXISTENCE OF 

ISOMORPHISMS 

The algebra defined in Theorem 2.4 (1) satisfies the 

following multiplication table when 

 and  (the 

unmentioned products being zero) 

 

Let   be such an algebra. 

 Proposition 3.1 

Two algebras and 

are isomorphic if and only if 

  where    

where   and  

Proof. 

Let  be an isomorphism between two algebras 

 and . Let 

  Then we have 

 

 
                 

This implies , 

 

 and  

Since the structure constants are independent of the 

isomorphism and therefore of the  this system implies 

 Thus we have 

 and 

 

We also have  

which implies that   otherwise  would be zero. 

Since  and 

 we have 

 
Furthermore, we have 

 
Since the structure constants are independent of the 

isomorphism , this equality implies 

 and 

. Since , solving this system gives 

 (1) 

  and  

Since , 

 

 et 

 

the determinant of  is  So  and 

(1) leads to  This gives  

We have  

 which gives  

that means 

  and  

This gives 

 which means 
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then  

 and  

Corollary 3.2 

The following algebras are isomorphism classes 

 

and  

Proof. 

According to the proof of Proposition 3.1, we have 

  

 and  

Let us consider the following cases: 

• If  so we have the 

isomorphism class  

• If  then we 

can choose the isomorphism such that 

 In this case, we have 

 

• If  and  then we 

can choose the isomorphism such that 

 In this case, we have  

 

• If  and  then we 

can choose the isomorphism such that 

•  . In this case, we have 

 

• If or  and  then 

we have  

We thus have the isomorphism classes of the corollary. 

The algebra defined in Theorem 2.4  satisfies the 

following multiplication table when  

 and  (the 

unmentioned products being zero) 

 

Let  be such an algebra. 

Proposition 3.3 

Two algebras  and 

are isomorphic if and only if 

 

Proof 

Let be an isomorphism between two algebras  

 and 

 . Let . Then 

we have 

 

 

This implies  

, 

 and 

 
Since the structure constants of the algebra are independent 

of the   then we have  and   And 

finally  

We also have 

 (2) 

 which implies . 

Furthermore, we have 

 (3) 

which means,  

In addition 

 

 

which means,  

 

This implies  and 

 which means   And 

then,  

Then we have equality 

 
which leads to  

Furthermore we have , and  

 

which leads to,  and . We rewrite 

 

We also have 

 

 

 
which means 
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This system implies  and 

 

We also have, 

 which means  and 

 giving then . We then obtain 

 et  

On the other hand, we have 

 which gives 

 

In summary, we have ,   

 

 and   

 Let us recall that 

   according to (2), (3) and 

  Since  in order to cancel , let's 

choose  The determinant of  is d  

This leads to  

Expressions in the system are simplified and we ultimately 

have 

   

 

and . 

 Corollary 3.4 

The following algebras are isomorphism classes : 

   

 and with 

 

Proof 

Indeed according to the proof of Proposition 3.3 we have 

  

    and  

 

Let's consider the following cases 

• If  so we have 

the isomorphism class  

• If  and  we 

can then choose the isomorphism such that 

 Then we have 

 

• If  and  we 

can then choose the isomorphism such that 

 Then we have 

. 

• If  and  we 

can then choose the isomorphism such that 

 So we have 

. 

• If  then 

 

We then have the isomorphism classes of the corollary. 

The algebra defined in Theorem 2.4 (2)(ii) satisfies the 

following multiplication table when ,  

  and  (the unmentioned 

products being zero)    

  

Let  be such an algebra. 

 

 

Proposition 3.5 

Two algebras  and  are 

isomorphic if and only if   and 

 

Proof 

Let  be an isomorphism between   and 

. Let  We have 

 

 

This gives      

  and 

 Since the structure constants are 

independent of the , then 

 and  

We also have 

 (4) 

which implies  

Furthermore, we have 

 (5) 

which means,  

We also have 

 

which leads to  

 and  

Then we can write  

We have 

 

which means   

and  This implies that  

which gives  and 

(6) 
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 Then we can write  and 

 which implies  So 

(6) leads to  and the expression of becomes  

 

On the other hand, we have 

 which means   and 

 

Because of (4) and (5), we have , 

which means  

Finally we have   and  

Corollary 3.6 

The following algebras are isomorphism classes :  

 et  avec  

Proof 

Indeed, because of the proof of Proposition 3.5 we have 

  and  

Let's consider the following cases: 

•   If  so we have the 

isomorphism class  

•   If  we can then choose the isomorphism 

such that  

•   If  and  then we have 

 

We thus have the isomorphism classes of the corollary.  

The algebra defined in Theorem 2.4 (2)(iii) satisfies the 

following multiplication table when  , 

  and  (the unmentioned products 

being zero)    

,   

 

Let  be such an algebra. 

Proposition 3.7 

Two algebras  and  

 are isomorphic if and only if 

 and 

 with  

 

Proof 

Let σ be an isomorphism between  

and  . Let   We 

have 

 

 

which gives  

 and 

, 

which means  Then we have 

 and  

 

We also have  which implies  and 

 

and leads to  

Furthermore we have 

 which gives  

and  That means  

and  then we have 

We can also write 

 
On the other hand, we have 

 

 
which means 

 

 

 
and 

 
We also have  

 

which means and   

 That leads to 

 

In addition 

 

 
gives, 

 

 

 
Then 

 
Furthermore we have, 
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which means, 

 

 

 
then 

 
Then summary, we have  

,  

 and  

 

 

The determinant of  is  

Let  Since we 

have  

 

Using the first lines of systems   and  we can 

define the following system 

 
in which  and  are the variables. 

In the same way, using the second lines, we define the 

system (S’) 

 
in which  and  are variables. 

The systems  and  admits the same the same 

determinant which is 

 
Then these are two Cramer systems. Let's first solve  It 

gives 

 

 

 
and 

 
For  we have: 

 

 

 

 

 

 
and 

 

 

 
Let's take , then  and we have: 

 

 

 

and  

In particular for  we have  

and this gives    and  

That means   and  

. 

Corollary 3.8 

The following algebras are isomorphism classes : 

,   and 

 

Proof 

Indeed, because of the proof of Proposition 3.7, we have 

  and   with  

Let's consider the following cases :  

•   If  so we have 

the isomorphism class  

•   If  and   then 

we can choose the isomorphism such that 

 Then, we have 

 

•   If  and   then 

we can choose the isomorphism such that 

 Then, we have 

 

•   If  and  

then we have  

 
Then we have the isomorphism classes of the corollary. 
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