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The region area is the measurement of two-dimensional surface bounded by a curve. The region
area is determined using an integral, based on the distance between points rotating according to

the rotation angle. The arc length is a measure of the distance along the curved line formed by
the curve. The arc length is determined using an integral, based on the distance between points
rotating according to the rotation angle. The arc length is the length of the curve. The purpose
of this study was to find the area and the arc length of a figure formed by a curve using polar

coordinates. The results obtained that the region area be formed by a curve is directly

proportional to the square of the curve function, while the arc length on the curve is influenced
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by the square of the curve function and its first derivative. Simulations were performed on sine
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I. INTRODUCTION

The region area is the measure of a two-dimensional
surface bounded by a curve. In calculus with Cartesian
coordinates, the region area is determined using integral [3].
In polar coordinates, the abscissa and ordinate are transformed
into the distance and rotation angle of a point. Therefore, in
polar coordinates, the region area is determined using
integrals, based on the distance of the point rotating according
to its rotation angle. The area swept by a line from the origin
to the point of the curve moving according to its rotation angle
will form the area of that region [2]. Meanwhile, the arc length
is a measure of the distance along the curved line formed by
the curve. The arc length is one-dimensional shape. In polar
coordinates, determining the arc length also uses an integral,
but based on the distance between points rotating according to
their rotation angle. The curve image of points moving along
their rotation angle will form a curve. So the arc length is the
length of the curve [1].

The purpose of this research is to find the area and the
arc length of a shape formed by a curve using polar
coordinates. In Cartesian coordinates, the integral is based on
the Riemann integral, while in polar coordinates, the integral
is based on the radius and rotation angle of the curve [4]. The
functions used in this research are sine and cosine functions.
The discussion consists of elaboration of the properties of sine
and cosine functions in the integral for several constants. The

article presentation is in the form of a simulation of several
constants about the area and the arc length formed by the curve
in polar coordinates.

II. THE AREA OF A REGION AND THE ARC
LENGTH OF A CURVE IN POLAR
COORDINATE
The area of a region and the length of a curve are two

interrelated problems. They form a single unit that forms an

interesting picture.

A. The Area of a Region in Polar Coordinate
First, we define the sector area as basis for calculating

the area of a region in polar coordinates.

Theorem 1.
The sector is a portion of a circle. The area of a sector 4 is

A =1,20,where r is the radius of a circle, 0 is the rotation
angle of a sector.

Proof:
Note that this comparison

4 _ 9 Sector area _ Sector angle

B D ° Circlearea Circle angle

Sector area 0
e —
r? 360
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0
Sector area = Emﬁ = gt = %,,29 )

2r
Therefore, the area of a sectoris A = 1,260 . @)

The Polar Area on One Curve

In polar coordinate, the angle f is considered as an
independent variable, while » is considered a dependent
variable, which is as a function of @ . So that it be writen by
r=£(@0).

If D= {(r, O el’|la<h< ﬂ} , then based on Equation (1),

the area of a region in polar coordinate be obtained by

sesf! rao-3] [ro) a0, g

The Polar Area Between Two Curves
If there is an area A. It be formed by two graphs. Suppose that
area A is outside the first curve 7 = f,(0) but area 4 is inside

the second curve r, = f,(0), then based on Equation (2) be
obtained that

A=4[ (2 -r)do=1[] (£©)-1(©)d0
@)

We provide important formulas that are useful for making
calculation integral easier:
a. sin2@=2sinf cosd .

b. cos20=cos*@—sin*@=2cos*’@—1=1-2sin’ 4.

B. The Arc Length of a Curve in Polar Coordinate

Below we present the basis for determining the arc
length of a curve in polar coordinate. The arc length of a curve
in polar coordinates is written in Theorem 2.

Theorem 2.
Let r = f(0) be a function whose derivative is continuous on

an interval o <6 < . The arc length of the curve r = f(6),

with the rotation angle <0< f is

(P (2 n2\?
L—J.H:a(r +(r') ) do. 4)
Proof:

Let x=rcos@ and y=rsind, so that x'=r'cosd—rsinf

and y'=r'sinf@+rcosé . Then (x")’ +(y")’ =+ +(+")*, and

eV (VT v o T (2 e
dL{(d—);j {d_ZH [+ T =(7+0)
Therefore, if @ <O < f3, then L:J'ia(,,z+(r.)z)%d9'

III. COMPUTATION OF THE AREA AND THE ARC
LENGTH IN THE POLAR COORDINATE
The area in a curve

We have a graph of equation »=4c0s26. The graph as
Figure 1. We want to find that area. First, we must determine

the rotation angle. We can choose ¥=0 and r=4.1f r=0,
then the rotation angle is g==z. If =4, then the rotation
angle is 9=0. Therefore, we can take the rotation angle is

0<o=<=z.

Figure 1. The graph » =4cos20.

Based on Equation 2, the area is
4,=4[" [4cos26] d0 =32 [1+cos46]do

=32(0++sin40|) =8z

z
6=0

The area in two curves
Let there are two curves r=1+sinf and r=3sind. The
illustration of the two curves is as shown in Figure 2.

920

Figure 2. The graph r=1+sin6f and » =3sinf.

This will be looked for five regional areas, namely

a. The area of the region inside 7 =1+sind .

b.  The area of the region inside » =3siné, but outside
r=1+sind.

c. The area of the region inside both 7 =3sind and
r=1+siné .

d.  The area of the entire region 7' =3.

e. The area of the region outside both 7 =3sinf and

r=1+siné .

a.  The area of the region inside 7 =1+sin8 .
We choose '=0 and =2 .1f =0, then the rotation
angle g=—z. If r= 2 , then the rotation angle ¢ = z.
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Therefore, we can choose the rotation angle is
_ggggg.Theareais

4 =J.:2:7%(1+sint9)2 do
:J.:;,gl:%JrZSinH—‘;cosZG] do

=(36-2cos0—1sin26]]__ =3[2+5]=1izx

b.  The area of the region inside » =3siné, but outside
r=1+siné .
First, we look for the intersection point of the two
curves, by
r=r < 1+sinf@=3sinf < sing=1 &

N

=lzvirg. Therefore, the rotation angle is

< 0 < 3= . The intersection points are 4 (2,1 ) and
(2.
:gﬁ (3sin0)* ~(1+sin0)* | do

oy

o

7). The area of this region is

aw|m

x

r.\

St

F [8sin*0—1-2sin0 | 0

[SIE

<

I? [3—4c0s20-2sin 0] dO

va—

=1(30- 2s1n2o9+2coso9| =%[3(%7[):|=ﬂ-

c. The area of the region inside both 7 =3siné and
r=1+siné .

We could choose the rotation angle is sz to z. The

area is

A, =1 j;”[(l +sin0)’ - (3sin )’ | d6

z

:lJ‘::M[l—i—ZSinH—Ssinz 9] do

2

I 7i[2s1n49+4cos20 3] do

057

=%[3(%ﬂ)]=ﬂ

d.  The area of the entire region 7 =3.
We choose the rotation angle is 0 <6 <27 . Then the
area is

A4, =4[ 3 do=100]), = 4[9(2x)]=ox

e. The area of the region outside both 7 =3sinf and
r=1+siné .
There are three areas that are interrelated in this case.

The areas are A, A4, and A4,. Its area is

19
A=A, —A —A, =617
The Arc Length of a Curve

If we choose the curve 7 =cos@ . It has a picture as Figure 3.

120 60

150 06 30
180 0

210 330

240 300
270

Figure 3. The graph » =cos6

We will choose ¥=0 and r=1.1f r=0, then the rotation
angle is g==z. If r=1, then the rotation angle is 0=0.
Therefore, we can choose the rotation angle is 0<g<=z.

Based on Equation 4, the arc length is
_o[7 (.2 n2 )2
L=2f" (P +()) do

=2 (cos’ 0+(sin 0)) d=20]}_ =

Theorem 3.

If there is a curve 7 =acos@, where a>0, 0L O < 7. The
arc length of the curve is ar .

Proof:

Let ¥ =acos® so r'=—asin@ . Based on Equation 4, the arc
length of this curve is

L= J.:ZO((a cos0)’ + (—asin 6)’ )%de
= j’i a2 cos’ 8+ a’ sin’ 0)%d9
=" (a Jdo=adf; ,

If we do a simulation with several constants as shown in
Table 1.

Table 1. Simulation value of curve » =acos®

a r=acosf L
1 r=cosd Vs
5 r=5cosd Sm
10 r=10cosé 107
15 r=15cosd 157
20 r=20cosd 207

If we choose the curve »=sind . It has a picture as
Figure 4.

5695 Sudarno Sudarno', IJMCR Volume 13 Issue 10 October 2025



“Method of Calculating Area and Arc Length of Sine and Cosine Functions in Polar Coordinates”

150

180

210 330

240 300
270

Figure 4. The graph r =siné

We will choose ¥=0 and r=1.If r=0, then the rotation

angleis ¢=0.If r =1, the rotation angle is ¢ = z . Therefore,
we can choose the rotation angle is 0<¢<z. Based on

Equation 4, the arc length is

L=2f" (P4 ) do=2[ ((sin*0)+cos* ) do
= 2t9|z:0 =7
Theorem 4.

If there is a curve 7 =asin@, where a>0, 0< 0 < 7. Based
on Equation 4, the arc length of the curve is ar .

Proof:

Let # =asin@,and 7' =acos @ . The arc length of this curve

1S

L=[" ((asin6)’ +(acos0)’) do

6=0

= J.” (a2 sin® @+ a* cos’ (9)%419

Table 2. Simulation value of curve 7 = asiné

a r=asiné L
1 r=sinfd T
5 r=>5sind St
10 r=10sin @ 107
15 r=15sin@ 157
20 r=20sin 207

If we have a curve 7 =1+cosf. We will find the area
and the arc length of this curve. The graph of the curve
r=1+cos@ is presented as in Figure 5.

Figure 5. The graph r =1+cosé

The area of the graph »=1+cos@ be described below. We
choose #=0 and =2 .1If r=0, then the rotation angle is
@=m. If r=2, the rotation angle be obtained £=0.
Therefore, we can make the rotation angle is 0 <6 < 7. Then
based on Equation 2, the region area can be calculated by

A= j::o(1+cos9)2 do
= j::o[%+20059+%c0520:| do

=(30+2sin0+1sin20] =[3(7)]=3x

Theorem 5.
If there is a curve ¥ =a+acosf, where a>0, 0<0< 7.

Then the region area of the graph is %7[ a.

Proof:
Let » =a+acosd , then based on Equation 2 the region area
is

A= I::O(a +acos@) do
= aZI::O[%+ 2cos0+1cos26|do
=a’(30+2sinf+1sin 20|::0
=a’ [%(7[)] =a’ir=3irzd’
While the arc length of the curve 7r=1+cos@ with
r'=—sin@ be computed by Equation 4, as below
L= 2]520[# +(r') ] do = 2]520(2 +2co0s6)* dO

= 4.[::0 cos % d0 = 4(2sin §|::0 =8

Theorem 6

Let there is a curve ¥ =a+acos@ , where a>0, 0<O0<r
. Then the arc length of the curve » =a+acosd is 8a .
Proof:
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Let ¥=a+acosf,so r'=-asiné . Then based on Equation
4, calculation of the arc length be obtained result

T 1

L=2f [P+ ] do=2a[" (2+2c0s0) o
=22a Lﬂzo (1+cosf)’ df =4a j;:ocosg do

=4a(2 sin%L):O =8a

If we do a simulation the curve 7 =a+acosf with several

constants about the area and the arc length curve as shown in
Table 3.

Table 3. Simulation value of curve » =a+acos@

a r=a-+acosf A L
1 r=1+cosd 137 8
2 r=2+2cosf or 16
3 r=3+3cosf 1317 24
4 r=4+4cosf 24 32
5 r=5+5cosf 3737 40

IV. CONCLUSION

Polar coordinate is two-dimensional coordinate system
that defines at position of a point on a plane based on the
distance r from the origin and the angle 6 with respect to the
positive x-axis. The region area is a quantity that measures
two-dimensional shape bounded by a curve or line. The arc
length is the length of a curved line connecting two points on
the circumference of the curve formed. The area of a region
formed by a curve is directly proportional to the square of the
curve function, while the arc length on the curve is influenced
by the square of the curve function and its first derivative. For
function that is constant multiplication with sine and cosine
functions, the arc length is a multiple of the constant. For
function that is constant multiplication with one plus the
cosine function of the angle, the area of the region is a multiple
of the square of the constant, while the arc length is a multiple
of eight.
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