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In thi r, we pr neraliz | f ful information
05 July 2025 this paper, we propose a generalized class of usefu ormatio

measures based on two parameters R and [, incorporating a utility
function. This measure extends the useful R — Norm information
measure and includes several existing entropies as special cases. We
derive a noiseless coding theorem associated with this generalized
measure and establish tight bounds on the useful mean codeword
length. An example is provided to demonstrate its applicability in
decision-making and data compression problems. The flexibility of this
measure offers potential for wider application in communication
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1. Introduction information content. However, there remains a
need to generalize this further to accommodate

Information theory provides foundational tools multiple parameters and utility-based encoding.

for analyzing communication  systems.
Shannon's entropy laid the groundwork for
quantifying  information, but real-world

This paper proposes a two-parameter extension
and explores its theoretical properties and

scenarios involving vagueness or imprecision
motivated the development of useful
information measures (UIM). Building upon
these, Belis and Guiasu[1] incorporated utility
into the entropy function, giving rise to the
concept of useful information.

In recent years, several parametric forms of
entropy such as Rényi, Tsallis, and Sharma
Mittal have been studied to enhance
adaptability. Among them, the useful R —
Norm information measure offers a qualitative-
quantitative ~ framework  for  evaluating

practical implications through coding theorems
and bounds. Specifically, we develop a
noiseless coding theorem corresponding to the
proposed measure and derive bounds on the
useful mean codeword length. The results
demonstrate that the generalized measure
provides a comprehensive framework suitable
for decision-making systems and data encoding
processes involving uncertainty and utility
prioritization.

If D(D = 2) code alphabets are utilised to
encode a finite collection of N source symbols
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X = {xq1,x,,...., x5} with probabilitiess P =
{p1, P2) v - ,Pn} , then there exists a
completely decipherable code with lengths
{li, 15, ... ... U} if and only if

n,Dh<1. (1.1)

According to Feinstein [4], (1.1) has been
defined to be Kraft inequality. Shannon's
coding theorem for noiseless channels
(Feinstein [4]) provides a lower bound on L in
terms of Shannon [9] entropy for a code that
fulfils (1.1) if L =X, p;l; is the average
codeword length. For example, if and only if
l; =—logp,; foralli =1,23,..,n. Then

HPP) <L (1.2)

In terms of its subjective quantity, Belis and
Guiasu [1] noted that the probability
distribution P over the source symbols X does
not entirely specify the source of information. It
is also reasonable to presume that the initial
words and symbols are given weights based on
their significance or usefulness to the observer.

Let u; be the utility or significance of outcome
x;,and let U = {uy,uy, ....., u,} be the set that
comprises positive real numbers. In most cases,
the utility is not impacted by the likelihood that
the source symbol x; , or p;, will be decoded.

Belis and Guiasu [1] introduced the following
measure of information:

H(P,U) = =X u;p; logp; (1.3)

Guiasu and Picard [5] introduced the useful
mean length of the code

L(P,U) = Lt uipili (1.4)

n
i=1 Uibi

The following upper and lower limits for the
cost measure (1.4) were subsequently
established by Longo [8], who study (1.4) as
the average communication cost of the letters
xiS IS

H(P,U) < L(P,U) < H(P,U) + 1 (1.5)
where
H(P,U) = Lty wipilogp; (1.6)
’ L Uip;

According to Guiasu and Picard [5], (1.6) is a
"useful" information measure for insufficient
distributions. Bhaker and Hooda [2] also
described this via mean value representation.
We determine their boundaries and define a
generalised  cost  measure of  (1.4).
We develop a significant noiseless coding
theory for sources with utilities in this
communication. The theory offers a tool for
power distributions and generalises the findings
of Longo [8], Gurdial and Pessow [6], Hooda
and Bhaker [7], and Singh [11].

NEW WORK
2. CODING THEOREM

Let P ={py,py ..-.,0n} be a discrete
probability  distribution such that p; >
Oand Y p;i=1 , and let U=
{uy, uy, .....,u,} be a set of utility values
associated with each symbol.

We define the generalized useful R — Norm
average code length of type g
15p,u) = E(l -

(R-1)

s, ufpfp R )

T (uip)P

and we also define the useful R — Norm
information measure as

1
R (Z?:l uiﬁpf-'-ﬁ_l)R

B — " |
He (P U) = 23|~ o

R+1,8>0

Proof: Hooda and Bhakar [7] stablised the
following "useful information measures™ using
mean values:

H(P,U) = = Tiey 200t (2.1)
and
1 ipi’
Ho(P,U) = T logYien -k (2.2)

The following "useful” information measures
have been characterised with new mean values:
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Ho(P,U) = —log[Tien wipf/ Lien ip;]

(2.3)
Additionally, Mahajan and Kumar [13] defined
a useful information-generating function as
follows:
I(P,U,t) =
_ ZieN(uipi)t/
2ien Wibi
(2.9
where t is a real or complex variable and P =
{p1, P2, ., pn} and U = {uy,uy, .....,u,} are
the probability and utility distributions,
respectively.
We recognise that the following gives the
weighted mean of u; and P;:
211'1=1uipi
Ihaw

(2.5)

We obtain a new weighted mean of order 1 — a
as follows if we replace w; with weights
(u;p;)Pi and p; of order a — 1.

My p(P,U) =

[Z?=1(uipi)ﬁi p;* !

1
]a—l
L (uip)Fi

ie.
Mg (P, U)

= [Z?=1 u;Pipathict

1
]ﬂ

Z?:l(ul'pl')ﬁi ’

a=0,a+1,6 =1

(2.6)
The generalised useful information generating
function for this is provided by
Ia,ﬁ (P, U, t) = [Ma,ﬁi (P' U)]_t
From (2.6) we get,
Iog(P,U, D)

— i, ufip bt

—t

a-1
Z?=1(uipi)ﬁi]
(2.7)
in which t is a complex or real variable.
When we differentiate equation (2.7) with
regard to t at t=0, respectively, we obtain

HP (P, U)
i i1
L log IZ?=1”5 Pt

1—«a

Z?=1(uipi)ﬁil
(2.8)

This is the type B; and order « generalised
useful information measure.
Now,

Assume a prefix code such that
pi =D7l = ;= —logp p;

Then we get

p.a_l = D_(a_l)li

L
Substituting in (2.8)
H,(P,U) =
1 —(— .

oozt o)

1OgD( i=1 uiﬁD_li)]

Now, define a new function for generalized
useful average codeword length

B -uEh
B _ @ D
= ose (2525

B a Vi uﬁpﬁD_li(aT_l)
L, = —|logp | =5
1-a S (up)P

(2.9)
Although this isn't necessarily the case, it is
considered in the construction of the cost
measure (1.4) that the cost is a function that is
linear of code length. Usually the cost acts as a
logarithm of the lengths of the codewords.
These kinds of functions are commonly seen in
economic models of growth and market
stability. Therefore, it may occasionally be
more desirable to select a code that reduces a
monotonic function,

C p—
R-1

S ufpf DR (2.10)
Where the cost-related parameters are R >
0(1),8>0.
To make this paper's result more equivalent to

the standard noiseless coding theorem, rather
than minimising (2.10), we shall minimize

LAp,v) =R%<1—

1
(R-1)
s, ufpPpliR )

T uip)f

(2.11)

and generalized useful R-norm information
measure of type S as
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R
Hg(P,U)zﬂ[l—

1
(et
T (uip)P ’

R+1,>0 (212

This measure generalizes the useful R-norm
information measure and includes the following
as special cases for equation (2.11) and (2.12).

From equation (2.11)

5P, U) =i<1—

R-1
S (R-1
Z‘{l:lulﬁplBD ll R )

YL uip)f

Equation (2.11) as the useful R— Norm
average code length of type $ and includes the
following as special cases

Special cases

1) Whenu; =1land 8 =1, it reducesto R —
Norm entropy studied by Boekee and Lubbe

[3].

2) When f =1,u; =1and R - 1 then (2.11)
reduces to optimal code length by Shannon [9].

Next, from equation (2.12) we have,

R
Hy (P,U) = —=|1 -

[y

2?=1uiﬁpf+ﬁ_1 R
<2”=1(T)ﬁ , R#1,8>0

Special cases

1).When B =1, it reduces to the useful R —
Norm entropy studied by Singh, Kumar and
Tuteja [11].

2).When R — 1, it approaches a logarithmic
form, analogous to the Shannon-type entropy

[9].

3).Whenu; = 1and B =1, it reduces to R —
Norm entropy studied by Boekee and
Lubbe[3].

Additionally, we have determined the
boundaries using condition

1 N7
roufpf i <y uPpf

It is evident that equation reduces to the Kraft
inequality (1.1)
for B =1landu; =1 foreveryi =12,..,n.
The code alphabet's size is D(D > 2).

3. BOUNDS ON THE MEAN CODE
LENGTH

Let L(U) be the mean code length as defined
above. Then under Kraft’s inequality, we have

1-R
HE(P,U) <L(P,U) <D® HE(P,U) +
1-R

R -
E(l_DR )

Theorem 3.1 Let P ={p;,pz, .....,Pn} bE a
discrete probability distribution such that p; >

Oand Y7 p;i =1 , and let U=
{uy, uy, .....,u,} be a set of utility values
associated with each symbol i .Define the

average useful codeword length as:

n
L(P, U) = Z uipili.
=1

Then the average useful codeword length
L(P,U) satisfies the inequality

HE(P,U) < L(P,U)

and

B =R B
HE(P,U) < L(P,U) <D® Hy(P,U)+
1-R

R 1-R
E(l_DR )
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Where H,f (P,U) is the generalized useful R-
Norm useful information measure as defined
above. Equality in the lower bound holds if and
only if l; = —logp; for alli, in the limiting
caseR—-1,=1

Proof: By Holder’s inequality

(Zl 1xp) (Zl 1y1 )q <Zl 1XiYi
(3.1.1)

1

1
in,yi > O,l = 1,2,3,...,n and 5+a= 1'p

<1(#0),q<0o0rgq
<1(#0),p<0.

We see that if a positive constant ¢ exists such
that

le = cyiq (3.1.2)
then the equality holds.

Making the substitution

R
RB B R-1
— . R-1 Ui -1 _ R-1
xX;: = D! -t D i -
i =P (2?=1<uim>ﬁ> P=%

1
R+f-1 B

1-R Ui 1=k
Yi =P (Z?:l(uipi)ﬁ> & ¢=1-R

Putting these values in (3.1.1), and using (2.3)
we get,

R

b8 p-uCINFT /g Rep-1\ TR

wppb TR (uipi _>1_ <

T uip)P T (uip)P -
WL

S——=) <1

Z[:l(ulpi)ﬁ

R

ﬁR+ﬁ1 BDl(R) 1-R
= S
(Zl 1(u1p1)ﬁ l 1(u1p1)ﬁ
1-R
R
Zn uﬁpR"’ﬁ 1\ 1- R
- ( 1
21 1(u1p1)ﬁ
R
1-R

st o
Y (uip)®

BpR+B 1\R
:1—(—‘1“ )Sl—
Ll(uLpL)‘B

n ufpfp- L&
L=1(ul.pl:)ﬁ

n ﬁR+ﬁ1R
_, LR 1_(2 S1Ui Py ) Sﬂll_

R Zl=1(u1p1)ﬁ

R-1
?1 iB ﬁD l( R )
Zl=1(u1pi)‘8

= HE(P,U) < L(P,U)

Hence proved
Now,

Let [; be the positive integer then the inequality

n B R+p-1
i=1%; P;

T (uip)P
n B._ R+p-1

_1 R l i=1 ipi 1
080 Pi + 1080 Tgn ippp

—logp pf + log), <<

(3.1.3)

Consider the interval

WBpR+B-1
i=1Y P;

. = - .R TS upB
oY, logp p;” + logp YR wip)f
R L ufpfth
~ ! Tiawip
logp p;° + logp T (uip)P +1
(3.1.4)

In every §;, their exist one positive integer [;
such that

R ?:1“-3238-”?_1
0 < —logp p; +10gDWS i <
n 3pR+B—1
R i=1"i Py
—logp pi" +logp YL up)f 1
(3.1.5)

From the left inequality of (3.1.5), we have,

B. R+B-1
i=1Y; P

—logp pf + log)p S P S l;
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/ PR

= log \W = [

i=1% Pj

ST (ugpy)?

PR l
- —t ___ _ > D74
R+B-1 =
Z{;lufpi B

Z?=1(uipi)3

Multiplying both side by ufpf‘1 and summing
overi =1,2,....,n we get (2.3). So there exists
a generalized useful code with length [;s.

Let 0<R<1, then equation (3.1.5) can be written
as

1-R
R -1\ Rr —
(R-1) (—Z?zlufpi—w 1) f o piRY <
L i (up)P -
1-R
R -1\ R —
(R-1) (Z?:luiﬁpi i 1) " DR
L T (wip)P

2?=1ufpf
T (uip)B
overi = 1,2,...,n. We obtain the result

Multiplying (3.1.7) by and summing

1

(z:-;lufpfw-l)ﬁ B (2”(—)) 3
i (uip)# - i (uipp)#
1
DR (E’iiluiﬁ pi '1)R
T (uip)P

1

R+B—-1\ R

B —R 1-— (_Z?=1ulﬁpi p >R
T (uip)f

R-1
_.R=1
£ - 2:Til=1uiﬁpiﬁD R
R-1 T (uipp)f

1-R

<DR Ll_

1
2?=1u-ﬁp3+ﬁ'1>ﬁ R 1-R
S il — (1 —-DRr
( Y (uip)P + R-1 ( )

1-R
= HE(P,U) < L(P,U) < D& HE(P,U)+
R 1-R
E(l_D R )

Hence proved

APPLICATION
In many practical applications:

1) In medical diagnosis systems, symptoms
(events) do not contribute eq %II 650 decision
making. Assigning higher utility” to more
critical symptoms leads to a more informative

coding strategy.

2) In communication systems with unequal
costs (energy or delay) associated with
transmitting  different  messages,  utility
functions help model this asymmetry.

3) In expert systems where some inferences are
more reliable or important than others, the
proposed entropy can optimize knowledge
encoding.

(3_.1.7% 8
Using the Hj (P,U) measure allows us to:

i) Encode symbols in a manner that emphasizes
utility-weighted relevance.

i) Achieve coding bounds that generalize
classical Shannon bounds.

iii) Apply fuzziness and parameterized control
(via R,B ) to adjust coding behavior under
different system requirements.

CONCLUSION

In this paper, we introduced a new class of
useful information measures called generalized
useful R-norm information measures, defined
via two parameters R and g , and a utility
function U. These measures provide a flexible
and powerful framework for quantifying
information and uncertain environments.

We derived a noiseless coding theorem for the
generalized measure , and obtained bounds on
the useful mean codeword length.This result
generalizes the classic Shannon noiseless
coding theorem, as well as the coding theorems
derived for useful entropy and useful R-norm
information measures.
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The measure provides both theoretical
generality and practical utility. Future work
may involve extending this framework to noisy
channels, source coding with side information,
and adaptive coding strategies in machine
learning systems.

REFERENCES

[1] Belis, M. and Guiasu, S (1968). A
quantitative-qualitative measure of information
in cybernetic systems (corresp.). IEEE Trans.
Inf.Theory, 14:593:594.

[2] Bhaker, U. S. and Hooda, D. S. (1993).
Mean value characterization of ‘“useful”
information of measures. Tamkang J.
Math.,24:283:294.

[3] Boekee, D. E. and Van der Lubbe, J. C.
A. (1980). The r-norm information measure.
Inform. Control, 45:136:145.

[4] Feinstein, A. (1958). Foundations of
Information Theory. McGraw Hill, New York,
first edition.

[5] Guiasu, S. and Picard, C. F. (1971)
Borne inferieure de la longueur de certain
codes. C. R. Acad. Sci., Paris, 273:248:251.

[6] Gurdial, A. and Pessow, F. (1977). On
useful information of order «. J. Comb. Inform.
Syst. Sci., 2:30:35.

[7] Hooda, D. S. and Bhaker, U. S. (1997). A
generalized useful information measure and
coding theorems. Soochow J. Math., 23:53:62.

[8] Longo, G. (1976). A noiseless coding
theorem for sources having utilities. SIAM J.
Applied Math., 30:739:748.

[9] Shannon, C. E. (1948). A mathematical
theory of communication. Bell System Technol.
J., 27:379:423.

[10] Shisha, O. (1967). Inequalities. Academic
Press, New York.

[11] Singh, R. P., Kumar, R. and Tuteja, R.
K. (2003). Application of holder’s inequality in
information theory. Inform. Sci.,
152:145:154,2003.

[12] Zadeh, L. A. (1965) Fuzzy Sets, Information
and Control, Vol. 8, pp. 338-353.

[13] Mahajan D. & Kumar P. (2015)
Parametric information geerating function with
utilities ISSN:0974-8024 Vol.9, 47-58.

5396 Rohit Kumar Verma', [IMCR Volume 13 Issue 07 July 2025





